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Abstract 
 
Much research has been conducted in the past 25 years related to the teaching and 
learning of proof in Euclidean geometry. However, very little research has been done focused on 
preservice secondary school mathematics teachers‟ notions of proof in Euclidean geometry. 
Thus, this qualitative study was exploratory in nature, consisting of four case studies focused on 
identifying preservice secondary school mathematics teachers‟ current notions of proof in 
Euclidean geometry, a starting point for improving the teaching and learning of proof in 
Euclidean geometry.  
The unit of analysis (i.e., participant) in each case study was a preservice mathematics 
teacher. The case studies were parallel as each participant was presented with the same 
Euclidean geometry content in independent interview sessions. The content consisted of six 
Euclidean geometry statements and a Euclidean geometry problem appropriate for a secondary 
school Euclidean geometry course. For five of the six Euclidean geometry statements, three 
justifications for each statement were presented for discussion. For the sixth Euclidean geometry 
statement and the Euclidean geometry problem, participants constructed justifications for 
discussion. 
A case record for each case study was constructed from an analysis of data generated 
from interview sessions, including anecdotal notes from the playback of the recorded interviews, 
the review of the interview transcripts, document analyses of both previous geometry course 
documents and any documents generated by participants via assigned Euclidean geometry tasks, 
and participant emails. After the four case records were completed, a cross-case analysis was 
conducted to identify themes that traverse the individual cases. 
 v 
 
From the analyses, participants‟ current notions of proof in Euclidean geometry were 
somewhat diverse, yet suggested that an integration of justifications consisting of empirical and 
deductive evidence for Euclidean geometry statements could improve both the teaching and 
learning of Euclidean geometry. 
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Chapter 1 : INTRODUCTION 
 The mathematics education discipline‟s landscape has changed drastically in the past 20 
years. The changes have been prompted mainly by various reports, publications and 
recommendations from stakeholders in mathematics and mathematics education (e.g., federal 
and state governments, National Council of Teachers of Mathematics [NCTM], and 
Mathematical Association of America [MAA]) and also the impact of new technology (e.g., 
graphing or graphics calculators, spreadsheets, mathematics software, and web-based applets). 
These changes have sparked an interest and challenge of attaining a better understanding of 
aspects of proof from various perspectives – students at all grade levels including college-level, 
preservice mathematics teachers, and inservice mathematics teachers.  
 This study‟s focus is preservice secondary school mathematics teachers‟ current notions 
of proof in the context of Euclidean geometry. 
Background of the Study 
 The purpose of this section is to provide a brief history of proof in geometry courses in 
United States schools, professional organizations‟ proof positions and the researcher‟s 
motivation for the study. 
United States Schools, Geometry and Proof 
 In the early-19
th
 century, the study of demonstrative geometry in the United States was 
reserved for those extending their educations beyond secondary schools. That is, demonstrative 
geometry was a part of the college curricula. By the mid-19
th
 century, as college curricula 
expanded and secondary schools became more advanced, demonstrative geometry became a 
staple of mathematics curricula in secondary schools. However, as the 19
th
 century progressed, 
the study of the subject became problematic for many students. Fawcett (1938) attributed the 
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difficulties to students‟ maturity level and the lack of change in the nature of the content that was 
most often presented in textbooks as an imitation of Euclid‟s model.  
 In 1892, The National Education Association (NEA) appointed the Committee of Ten to 
address secondary school problems which included instructional and learning issues in 
mathematics. A Committee charge was “to select school and college teachers of certain subjects 
to consider the proper limits of each subject, the best methods of instruction, the most desirable 
allotment of time for the subject, and the best methods of testing the pupils‟ attainments” (Center 
for the Study of Mathematics Curriculum [CSMC], 2004, ¶ 2). The Mathematics Sub-Committee 
of the Committee of Ten produced five reports including recommendations, two that pertained to 
geometry (CSMC, 2004): (1) Special report on the teaching of concrete geometry – 
recommendations for the inclusion of experiential and experimental geometry in elementary 
curricula, and (2) Special report on the teaching of formal geometry – recommendations 
reaffirming demonstrative geometry‟s place in secondary [school] curricula with the inclusion of 
projective geometry. From these reports and the belief that mental discipline can be achieved 
through academic studies, formal (demonstrative) geometry was identified by the Committee of 
Ten as a means for attaining “the art of demonstration (or proving)” (Herbst, 2002, p. 287; 
Sinclair, 2008). The Committee affirmed that study in the physical sciences provided training in 
inductive reasoning (Sinclair, 2008). The Committee argued that current instructional practices 
in geometry promoted the memorization of demonstrations rather than student demonstrations; 
thus, the opportunity to achieve mental discipline was being minimized. Instructional changes 
were needed for success in demonstrative geometry (Herbst, 2002). 
 The Committee of Ten‟s work prompted change in the early-20th century, most notably in 
geometry textbooks (Sinclair, 2008). In these textbooks, the notion of proof was explicitly 
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discussed including suggested methods and strategies for developing proofs. One of the most 
influential was the Schultze and Sevenoak textbook published in 1913. The authors presented the 
two-column format, a format that “moved to establishing a norm for the production and control 
of proofs by students” (Herbst, 2002). Shibli (1932, as cited in Herbst, 2002, p. 297) indicated 
that the format “emphasized more strongly the necessity of giving a reason for each statement 
made, and it saves time when the teacher is inspecting and correcting written work.” 
 The most popular textbooks in the early-20
th
 century were by Wentworth, Wentworth and 
Smith, and Myers. A characteristic of the Wentworth and later the Wentworth and Smith 
textbooks was “the abundance of „original‟ exercises (proofs left to student analysis and 
ingenuity) as opposed to „book proofs‟ (full demonstrations to be memorized for reproduction)” 
(Donoghue, 2003, p. 335). Myers‟ textbook was produced through consultation with 
mathematics department faculty from the University of Chicago, including department chair E. 
H. Moore. The motivation for the textbook was Moore‟s belief that “mathematics should be 
taught as a laboratory science, with experiments and concrete applications” ([1903] 1926, as 
cited in Donoghue, 2003, p. 338). The textbook combined algebra and geometry with a greater 
emphasis on algebra, prompted by Moore who advocated the "use of more algebra and arithmetic 
in the teaching of geometry" (Sinclair, 2008, p. 34), and more formal deductive reasoning with 
original proofs in later chapters. Also, a teacher‟s manual was developed because of Myers‟ 
recognition that assistance for mathematics teachers would be needed for successful use of the 
textbook (Donoghue, 2003). 
 The laboratory method of instruction in geometry had some success, but eventually lost 
momentum. Teachers attributed equipment expense and preparation time as constraints (Sinclair, 
2008). Another possible factor was that “teachers (as well as textbook writers) had continued to 
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view the instruments of a laboratory as peripheral to geometric understanding, or as dispensable 
to it” (Sinclair, 2008, p. 35). 
 Another factor that influenced the mathematics curriculum and a consequence that Moore 
and other educators didn't anticipate was the tremendous increase of students attending 
secondary schools between 1890 and 1920 (Roberts, 2001). The number of students increased 
two and half times between 1890 and 1900. The enrollments doubled by 1912, and doubled 
again by 1920. Social efficiency, linking the "education of students more closely to their future 
employment" (Roberts, 2001, p. 692), became a primary goal of education during this time. This 
shift to a more vocational education (i.e., practical mathematics) and the decreased enrollments 
in the classical mathematics courses (including geometry) caused some to call the time period 
from 1915 until 1940 a "'twenty-five year depression' in school mathematics" (Duren, 1967, as 
cited in Roberts, 2001, p. 694).   
 In 1923, a report by the National Committee on Mathematics Requirements (NCMR), 
formed under the umbrella of the MAA, identified the principal purposes of teaching plane 
demonstrative geometry as (as cited in Sinclair, 2008, p. 38):  
(1) To exercise further the spatial imagination of the students; (2) To make him 
familiar with the great basal propositions and their applications; (3) To develop 
understanding and appreciation of a deductive proof and the ability to use this 
method of reasoning where applicable; and (4) To form habits of precise and 
succinct statement, of the logical organization of ideas and of logical memory.  
 
Geometry was the primary course that addressed one of three broader aims of mathematics in the 
NCMR report. That aim, the cultural aim, was “concerned with the appreciation of geometric 
form, logical reasoning, and the „power of thought, the magic of the mind‟” (Sinclair, 2008, p. 
38). 
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 The NCMR report also stated that the “disciplinary value of geometry rested on the 
manner in which it was taught” (Sinclair, 2008, p. 38), thus, a shifting of responsibility from the 
textbook to the teacher. However, textbooks continued to assume this responsibility, as indicated 
in Clark and Otis‟s 1925 and 1927 texts (as cited in Sinclair, 2008, p. 38): “we teach geometry 
primarily for the purpose of training the student in the methods and habits of thought that result 
in power to reason and analyze, to discover, and to prove in a logical manner that which has been 
discovered.” 
 In 1926, the NCTM stated “the purpose of demonstrative geometry is not mensuration, 
this being sufficiently cared for in the work in intuitive geometry; its purpose is, in part, to 
demonstrate the truths already known intuitively” (p. 27). That is, “show the application of logic 
to the proof of mathematical statements” (NCTM, 1926, p. 27). Textbooks in the first quarter of 
the 20
th
 century promoted engaging students in proof activities beyond memorization and 
reproduction or proofs presented in textbooks. However, Herbst (2002) argued that the 
established norm of the two-column format, a staple in high school geometry for the remainder 
of the century, promoted “disassociating the doing of proofs from the construction of 
knowledge” (p. 307). 
 In the 1930s, Progressive Plane Geometry by Wells and Hart and Integrated 
Mathematics with Special Applications to Geometry by Swenson became popular in United 
States high schools (Donoghue, 2003). In the Wells and Hart textbook, proof was initially 
approached informally with experimental geometry, but moved purposefully toward the more 
formal, similar to Myer‟s earlier textbook. Wells and Hart were innovative in their treatment of 
exercises, providing three levels: minimum, more than minimum, and much more than 
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minimum. The minimum exercise level included all content identified by the College Entrance 
Examination Board. 
 The Swenson text, a two-book set, was an attempt to relate other mathematics to 
geometry, thus making "the mathematics of the tenth year more comprehensive, dynamic, and 
functional in character" (Donoghue, 2003, p. 347). Formal proofs of theorems were included in 
the text as oral exercises in class; applications of theorems were the assigned homework 
problems (Burton, 1939, as cited in Donoghue, 2003). Advice for reasoning in everyday life was 
offered as a ten-page supplement to the second book (Donoghue, 2003), a transition to the 
functional aspects of deductive reasoning. 
 The NCTM, founded in 1920, began publishing a series of yearbooks in 1926. The 
thirteenth in the series was Fawcett‟s The Nature of Proof (1938), reprinted in 1995 by NCTM 
because of the “renewed interest in Fawcett‟s pedagogical approach to geometry and his 
emphasis on helping students to develop critical, reflective thinking processes” (Donoghue, 
2008, ¶ 5). The yearbook was a two-year study based on Fawcett‟s instructional experiences and 
experiments in high school geometry. The purpose of his study was to improve students‟ 
thinking skills, both reflective and critical, by emphasizing the logical processes of proof in a 
demonstrative geometry setting rather than the factual content of the discipline (Fawcett, 1938, p. 
12). Fawcett provided opportunities for students to “apply the deductive method to situations that 
have clear relevance to their own lives” (Donoghue, 2008, ¶ 3). This approach was utilitarian, 
but emphasized the application of the deductive method rather than the application of geometry 
to everyday life. 
 During the 1930s depression, enrollments in high school geometry courses declined 
drastically; this decline actually began before the depression as mathematics courses had been 
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relegated to an elective credit status by many high schools (Sinclair, 2007). Possibly contributing 
to this decline, Sinclair (2007) suggested that many students were inclined to take courses that 
would secure employment during this time period.   
 In 1935, Nicolas Bourbaki, a pseudonym used by a group of mainly French 
mathematicians (known as the Bourbaki Group), penned a series of modern mathematics books 
with the goal of basing all mathematics on set theory; their method consisted of rigor and 
generality (Sinclair, 2007). Dieudonné, a member of The Bourbaki Group, stated "the basic 
principle of modern mathematics is to achieve a complete fusion [of] 'geometric' and 'analytic' 
ideas" (1973, as cited in O‟Conner and Robertson, 2006, ¶ 5). He also promoted a "strict 
adherence to the axiomatic methods, with no appeal to the 'geometric intuition,' at least in formal 
proofs: a necessity which we have emphasized by deliberately abstaining from introducing any 
diagram in the book" (quoted by Brown, 1999, as cited in Sinclair, 2007, pp. 48-49). This 
intentional omission of diagrams contradicted the Greek tradition of visual argument. Sinclair 
stated "the original meaning of the Greek word , 'to prove,' was to make visible or to 
show" (2007, p. 49). 
 Whitely (1999, as cited in Sinclair, 2007) claimed that "a field of mathematics 'dies' when 
it is no longer viewed as an 'important' area of mathematical research, and argued that geometry 
'died' in this sense through the 1920s-1940s (at least in North America and parts of Europe)" (p. 
46). Whitely's claim was based on the decline of geometry in research mathematics, a decline 
that began with only three of Hilbert's 23 important, unsolved problems, proposed in 1900, being 
geometry problems and amplified by the work of The Bourbaki Group (Sinclair, 2007).  
The absence of geometry in research mathematics caused a decrease in the number of 
graduate and undergraduate geometry course offerings. Geometry courses became "an important 
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past accomplishment (and as an exercise in logical proofs) but not as a continuing source of new 
mathematics" (Sinclair, 2007, p. 47) and were often taught by logicians and historians of 
mathematics as a service course for preservice secondary school teachers (Sinclair, 2007). 
 In 1940, the Committee on the Function of Mathematics in General Education of the 
Progressive Education Association placed emphasis on the mathematics that would "meet the 
needs of students and develop personal characteristics essential to democratic living" (Sinclair, 
2007, p. 53). However, many began to question high school mathematics curricula because of the 
mathematics deficiencies of inductees upon entry into World War II; an interest in geometry 
being "taught for theoretical rather than practical purposes" (Sinclair, 2007, p. 53) gained 
momentum. 
 Geometry textbooks that were common from the period 1941 to 1960 were similar to 
Schorling, Clark, and Smith's (1948) Modern-School Geometry, a text that wasn't as formal as 
earlier popular textbooks (Donoghue, 2003). Schorling, Clark, and Smith claimed that "the chief 
benefit to the student from his study of geometry is the training he receives in reasoning" (1948, 
as cited in Donoghue, 2003, p. 359). An introductory section, written as a conversational 
dialogue, was included before students began formal proofs; the purpose of the section was "to 
show students how to work backward from a desired conclusion to the given hypothesis" 
(Donoghue, 2003, p. 360). Also, a syllogistic reasoning section appeared with excerpts from the 
United States Declaration of Independence as exercises. Most practical applications of geometry 
in the text were related to science and industry (Donoghue, 2003). 
 Birkhoff and Beatley's (1941) Basic Geometry was not as popular as other textbooks in 
this era, but later became very influential for textbook authors, namely the School Mathematics 
Study Group [SMSG] reform textbooks of the 1960s (Donoghue, 2003; Sinclair, 2007). Most 
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approaches to demonstrative geometry concerned Birkhoff and Beatley (1941, as cited in 
Donoghue, 2003, p. 356): "In a course in demonstrative geometry our prime concern is to make 
the student articulate about the sort of thing that hitherto he has been doing quite unconsciously. 
We wish to make him critical of his own, and others', reasoning." 
 Beginning in the late-1950s and early-1960s, the mathematics curriculum underwent 
many changes. These changes produced a curriculum often referred to as New Math which was 
designed to “bridge the gap between school and college mathematics” (Sinclair, 2007, p. 57). Of 
the secondary school mathematics courses, geometry was the least affected by these changes as 
deductive reasoning was already a strong component of the course. Nevertheless, the SMSG, 
funded by United States government monies, produced a 7-12 mathematics „suggested‟ 
curriculum that included a modern geometry program based on a combination of Hilbert‟s and 
Birkhoff‟s postulational systems (Sinclair, 2007). 
The SMSG‟s work influenced the content of most geometry textbooks used in secondary 
schools during the 1960s and 1970s including Jurgensen, Maier, and Dulciani‟s geometry 
textbooks, the most popular of this era with a market share that exceeded 50% (Donoghue, 2003; 
Sinclair, 2007). Other factors such as the development of classroom manipulatives (e.g., 
geoboards and tangrams) and technology advancements (e.g., copy machines and overhead 
projectors) also had an impact on geometry instruction. 
 A movement in the 1970s based on an alternative definition of congruence, “two figures 
are said to be congruent if and only if there exists a distance-preserving transformation that maps 
one figure onto the other” (Sinclair, 2007, p. 65), generated textbooks such as Coxford‟s 
Geometry: A Transformation Approach (1975). This approach made secondary school geometry 
more dynamic in nature, a precursor to the use of dynamic geometry software. 
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 By the late-1970s, the „back to the basics‟ reform movement was underway as “the 
widespread sentiment was that the new math [New Math] had failed” (Herrera and Owens, 2001, 
p. 87). This movement which emphasized procedural skills, mainly computation and algebraic 
manipulation, dominated the following decade, the 1980s: “Socratic dialogue and pedagogical 
approaches of discovery were relinquished for those backed by principles of behavioral 
psychology” (Herrera and Owens, 2001, p. 87). During this time, geometry was most often 
separated from measurement (a strong connection in the New Math) and identified as a “basic 
skill that all students should have” (Sinclair, 2007, p. 70); this „basic skill‟ geometry was 
integrated throughout the K-12 mathematics curriculum.  
 Though „basic skill‟ geometry now existed, geometry, the secondary school mathematics 
course, continued with textbooks influenced by the SMSG work (e.g., HBJ Geometry (Ulrich, 
1984, 1987), Geometry (Hirsch, et al, 1984, 1987), and Basic Geometry (Jurgensen and Brown, 
1988)). Also, the percentage of high school graduates who took a geometry course steadily 
increased in the 1980s (Sinclair, 2007, p. 78): 47.1% in 1982, 58.6% in 1987, and 63.2% in 1990. 
However, another reform in mathematics education, prompted by factors including a sense of a 
national crisis generated by publications such as the National Commission for Excellence in 
Education‟s A Nation at Risk (1983) and the United States government, more technological 
advances such as the personal computer, and a dissatisfaction of the „back to the basics‟ 
curriculum by many in the mathematics and mathematics education community, was on the 
horizon by the end of the decade (Donoghue, 2003; Herrera and Owens, 2001; Sinclair, 2007). 
 In 1989, NCTM published Curriculum and Evaluation Standards for School 
Mathematics, a document that took more than 10 years to assemble (Sinclair, 2007). The 
publication promoted a vision of teaching and learning that was very different from the „back to 
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the basics‟ curriculum (Herrera and Owens, 2001). The recommendations in Standards and 
advances in technology caused significant changes in geometry textbooks that altered the 
secondary school geometry course. Most notably, Standards recommended that “justification and 
reasoning became matters for all students, in all areas of mathematics – not only in geometry” 
(Sinclair, 2007, p. 79). Thus, proof (i.e., deductive proof) wasn‟t the central focus in the 
secondary school geometry course any longer. 
  A popular textbook series during this time was a series developed by the University of 
Chicago School Mathematics Project (UCSMP) and included the textbook Geometry (Coxford, 
Usiskin, and Hirschorn, 1993) described as “the study of visual patterns” (Donoghue, 2003). The 
textbook was aligned with NCTM‟s Standards, emphasizing “the wide applicability of geometry 
to recreations, practical tasks, the sciences, and the arts” (Sinclair, 2001, p.79) and integrating 
algebra (Donoghue, 2003). Given this emphasis, deductive proofs derived from an axiomatic 
system (most often using the two-column format) were minimized in favor of “deductive 
arguments expressed orally and in sentence or paragraph form” (Sinclair, 2001, p.79) and 
informal investigations using manipulatives or dynamic geometry software. This was often 
interpreted by many as Standards‟ vision of secondary school geometry was “… geometry no 
longer requires proof” (McLeod, in press [2003], as cited in Herrera and Owens, 2001, p. 90). 
Such interpretations resulted in a polarization in mathematics education during the 1990s, a 
debate concerning traditional mathematics curricula and instruction versus reform mathematics 
curricula and instruction. 
 The NCTM responded in 2000 with another publication, Principles and Standards for 
School Mathematics [PSSM], a document that addressed many misinterpretations by updating, 
refining, and clarifying the reform message (Herrera and Owens, 2001). An emphasis was placed 
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on mathematical proof as “a formal way of expressing particular kinds of reasoning and 
justification” (PSSM, 2000, p. 56) and was implemented across all grade levels (known as the 
„Reasoning and Proof‟ process standard). Thus, deductive proof became more central in 
secondary school geometry courses, but often in an investigative (or discovery) environment as 
many textbooks were developed encouraging the use of manipulatives and dynamic geometry 
software to form conjectures for students to prove or disprove. 
Learned Societies, Organizations, Committees and Proof  
 Proof is a very complex notion situated in the complex activity of teaching and learning. 
Also, proof in the secondary school mathematics classroom has most often been associated with 
9
th
 or 10
th
 grade geometry. The Conference Board of the Mathematical Sciences [CBMS], an 
organization with representation from sixteen professional societies in the mathematical 
sciences, (2001, p. 41) states:  
High school geometry was once a year-long course of synthetic Euclidean plane 
geometry that emphasized logic and formal proof. Recently, many high school 
texts and teachers have adopted a mixture of formal and informal approaches to 
geometric content, de-emphasizing axiomatic developments of the subject and 
increasing attention to visualization and problem solving. Many schools use 
computer software to help students do geometric experiments – investigations of 
geometric objects that give rise to conjectures that can be addressed by formal 
proof.  
 
These statements suggest two kinds of proof, formal and informal. Neither is defined by CBMS. 
My assumption is that formal means proof within an axiomatic setting and informal proof is a 
presentation of empirical evidence. Also, the CBMS (2001, p. 41) recommends that well-
prepared teachers of geometry need an understanding of axiomatics and its role in the 
development of mathematics, and the ability to use dynamic drawing tools for conducting 
geometric investigations that might lead to forming conjectures and proof.  
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 The MAA (2004, p. 52) states mathematics majors preparing to teach secondary school 
mathematics should “learn to make appropriate connections between the advanced mathematics 
they are learning and the secondary [school] mathematics they will be teaching.” Many advanced 
mathematics courses contain proof (e.g., college geometry, discrete mathematics, abstract 
algebra, etc.) and proof is present in secondary school mathematics (namely, the 9
th
 or 10
th
 grade 
geometry course). For specific curricula details, the MAA defers to the CBMS 
recommendations. 
 In the NCTM‟s Principles and Standards for School Mathematics, standards are 
partitioned into two groups, content standards and process standards. The Geometry Standard 
(content) and the Reasoning and Proof Standard (process) exist across all grade levels, Pre-K 
thru 12, with stated expectations. For grade levels 9-12, the NCTM (2000, p. 308) recommends 
that students should “establish the validity of geometric conjectures using deduction, prove 
theorems, and critique arguments made by others” in their analysis of characteristics and 
properties of two- and three-dimensional geometric shapes. In the Reasoning and Proof 
Standard, the NCTM (2000, p. 342) states:  
Instructional programs should enable all students to: 
 Recognize reasoning and proof as fundamental aspects of mathematics; 
 Make and investigate mathematical conjectures; 
 Develop and evaluate mathematical arguments and proofs; and 
 Select and use various types of reasoning and methods of proof.  
 
This process standard is a common thread in the curriculum; that is, it applies to all content 
standards. Furthermore, the NCTM has six principles designed to promote high-quality 
mathematics education. Among these principles is The Technology Principle (NCTM, 2000, p. 
24): “Technology is essential in teaching and learning mathematics; it influences the 
mathematics that is taught and enhances students‟ learning.” My interpretation of these standards 
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is that a study of mathematics should allow students to think and act like mathematicians 
including the use of available resources for exploration. Hence, reasoning and proof in geometry 
using technology is appropriate in a secondary school mathematics curriculum. 
The Researcher’s Interest and Motivation 
About the researcher. 
 In the transition from an instructor of mathematics to a mathematics education researcher, 
two quotations by George Pólya – “The Father of Modern Problem Solving” (Musser, Burger, 
and Peterson, 2006, p. 1), resonate with me: 
Quotation 1 (O‟Conner and Robertson, 2002, ¶ 13): I came very late to 
mathematics. …as I came to mathematics and learned something of it, I thought: 
Well it is so, I see, the proof seems to be conclusive, but how can people find such 
results? My difficulty in understanding mathematics: How was it discovered? 
 
Quotation 2 (Pólya, 1998, p. 1): To teach effectively a teacher must develop a 
feeling for his subject; he cannot make his students sense its vitality if he does not 
sense it himself. He cannot share his enthusiasm when he has no enthusiasm to 
share. How he makes his point may be as important as the point he makes; he 
must personally feel it to be important; he must develop his personality. 
 
Similar to Pólya, I came late to mathematics and even later to teaching mathematics, having 
earned an undergraduate degree in physics that required mostly utilitarian mathematics. 
With the physics focus, the underlying structures and the culture of mathematics were of 
little interest to me. This changed suddenly when I began graduate study in mathematics and also 
teaching remedial and general education mathematics as a graduate assistant teaching instructor. 
My lack of understanding of the underlying structures and the culture of mathematics were 
underscored when required to do proofs in graduate coursework. 
Given my newfound interest in teaching mathematics, a question emerged: How could 
one teach mathematics effectively [emphasis added] if the teaching of mathematics required the 
thoughts and attributes stated in Pólya‟s quotations? I concluded that one must learn the 
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underlying structures and the culture of mathematics, and proof, both formal and informal, was 
the litmus test for this learning. So, the quest throughout my teaching career has been to learn 
those underlying structures and the culture of mathematics. 
The geometry course incident. 
 In a geometry course that I taught for undergraduate mathematics majors planning on 
pursuing a career of teaching mathematics in secondary schools, students were given a 
homework task of finding a proof of the Pythagorean Theorem for presentation and discussion at 
the next class session. One student misunderstood the assignment directions; she interpreted 
“find a proof of” as “prove” the Pythagorean Theorem. 
At the next class session, she was the first to present. Her presentation was a construction, 
including measurements and calculations, and manipulation of a right triangle in a dynamic 
geometry environment (specifically, The Geometer’s Sketchpad® [Sketchpad], Key Curriculum 
Press‟ dynamic geometry software). This prompted a class discussion of proof in geometry (and 
mathematics in general) in which the students were challenging one another‟s notions of proof. 
 At the conclusion of class, many students were accepting the student‟s presentation as a 
proof, but a different type of proof than proofs they had experienced in their respective 
secondary school geometry courses or previous college-level mathematics courses. This incident, 
observed by me, was the motivation for this research. 
Statement of Problem 
 Proof is a very complex entity. It has a historical relevance unrivaled in the discipline of 
mathematics, a discipline with truths (if one accepts given assumptions). Bressoud (1999, p. xiii) 
stated:  
Mathematicians often recognize truth without knowing how to prove it. 
Confirmations come in many forms. Proof is only one of them. But knowing 
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something is true is far from understanding why it is true and how it connects to 
the rest of what we know. The search for proof is the first step in the search for 
understanding.  
 
Mathematicians most often seek truths with proof as the vehicle for advancing conjectures. On 
the other hand, scientists advance conjectures “that are tested against reality, that are maintained 
so long as they agree with reality, and that are refined or rejected when they fail in their 
predictions" (Bressoud, 1999, p. xi). 
 In the recent history of the teaching and learning of proof in secondary school 
mathematics (and at other levels), computer and manipulative explorations are often used to 
establish truths (de Villiers, 1997; Hanna, 2000). However, many have claimed that verification 
is not the sole function of proof (Bell, 1976; Balacheff, 1988; Hanna, 1990, 2000; Hersh, 1993, 
de Villiers, 1999). Furthermore, as Harel and Sowder (2007) indicated, many factors 
(mathematical, historical, epistemological, cognitive, sociological, instructional, and cultural) are 
involved in the learning and teaching of proof and its functions. Hanna (2000) stated "proof can 
make its greatest contribution in the classroom only when the teacher is able to use proofs that 
convey understanding" (p. 7). Thus, identifying preservice secondary school mathematics 
teachers' current notions (conceptions and misconceptions) of proof in Euclidean geometry is a 
starting point for improving the teaching and learning of proof. 
The Research Questions 
 In his 1925 Presidential address to The Mathematical Association (Great Britain), Hardy 
(2003, p. 13) stated: 
It always seemed to me that in all subjects, and most of all in mathematics, 
questions concerning methods of teaching, whether this should come before that, 
and how the details of a particular chapter are best presented, however interesting 
they may be, are of secondary importance; and that in mathematics at all events 
there is one thing only of primary importance, that a teacher should make an 
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honest attempt to understand the subject he teaches as well as he can, and should 
expound the truth to his pupils to the limits of their patience and capacity. 
 
This study is an honest attempt to better understand a component of the teaching and learning of 
proof in the field of mathematics education. To accomplish this task, the lead research question 
and supporting questions are: 
Lead research question 
What are preservice secondary school mathematics teachers' current notions of proof in 
Euclidean geometry? 
Supporting questions 
a. What factors (e.g., proof schemes) form these notions? 
b. What functions of proof are foundational in these notions? 
c. With a knowledge of various proof schemes and functions of proof, do preservice 
secondary school mathematics teachers' notions of proof change?  
Delimitations and Limitations 
 Since this study is a qualitative study consisting of four simultaneous case studies, the 
cases were four preservice mathematics teachers who have completed the geometry course 
required for their respective major program of study. The preservice mathematics teachers were 
from three different colleges or universities. Data sources included interviews (including course 
instructors, when possible), task observations, and document analyses; data, per participant, was 
collected in a three-month time frame. 
 Limitations of the study are mostly associated with the data sources. These limitations are 
common among qualitative studies using these data collection methods. For example, personal 
bias may produce distorted responses in interviews or an observer‟s presence may affect a 
participant's performance – hence, tainting the data (Patton, 2002). Such limitations may be 
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minimized with purposeful sampling – specifically, as Patton (2002) indicates, a sample 
consisting of “information-rich” individuals. However, purposeful sampling could decrease the 
generalizability of findings. 
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Chapter 2 : REVIEW OF LITERATURE 
 The purpose of this chapter is to review the relevant literature associated with proof in 
geometry courses. In this chapter, definitions of proof, proof schemes, functions of proof in 
mathematics, pedagogical approaches, recommendations and standards regarding proof, and 
proof in the context of dynamic geometry software are investigated. The chapter concludes with 
a synthesis of the literature prompting appropriate next steps for research. 
Defining Proof 
 Proof is a word in the English language with different meanings depending on the context 
in which the word is used. To a mathematician, proof has a very precise meaning, “… a finite 
sequential set of statements that leads from definitions, axioms (i.e., statements the truth of 
which is unquestioned in a given theory), and theorems (i.e., statements the truth of which has 
already been proved) to a conclusion, in such a way that as long as the axioms are accepted and 
the definitions are agreed upon, the conclusion is inevitable and its validity must be recognized” 
(Movshovitz-Hadar, 2001, p. 585). In Weisstein‟s The CRC Concise Encyclopedia of 
Mathematics (1999, p. 1456), proof is “a rigorous mathematical argument which unequivocally 
demonstrates the truth of a given proposition.” Weisstein (1999, p. 1456) also acknowledges the 
ongoing “debate among mathematicians as to just what constitutes proof” citing, as an example, 
the use of a computer for exhausting individual cases in the proof of the Four-Color Theorem. 
 In mathematics dictionaries, proof is defined as follows: (1) “Proof is a process used to 
show that a particular statement follows logically from other accepted statements” (Kornegay, 
1999, p. 359); and (2) “The logical argument which establishes the truth of a statement” (James 
and James (Eds.), 1959, p. 314). These definitions are mostly consistent with those previously 
stated. However, there is a subtle difference in one of the mathematics dictionary definitions 
 20 
 
compared to the previous definitions from the mathematics encyclopedias. Kornegay‟s 
mathematics dictionary definition implies proof is more than an object, a complete set of 
statements supporting a proposition; proof is a process. 
 The definitions of proof given in dictionaries based on the frequency of usage in the 
English language are more subjective in nature. Consider the following dictionary definitions: 
(1) “The evidence or argument that compels the mind to accept an assertion as true” (Kleinedler 
(Ed.), 2002, p. 1116); (2) “That which makes good or proves a statement; evidence sufficient (or 
contributing) to establish a fact or produce a belief in the certainty of something” (The Oxford 
English Dictionary, 1970, p. 1463); (3) “Something that proves a statement; evidence or 
argument establishing a fact or the truth of anything, or belief in the certainty of something” (The 
Oxford English Dictionary, 2009, ¶ 12); and (4) “Evidence sufficient to establish a thing as true, 
or to produce belief in its truth” (The Random House Dictionary of the English Language, 1987, 
p. 1549). Movshovitz-Hadar (2001, p. 585) aptly states:  
In mathematics, unlike in many other areas, the standards of proof demand that 
every assertion be given a conclusive proof, that is, a proof beyond any doubt. It is 
the certainty provided by rigorous proof that sets mathematical knowledge apart 
from all other kinds of knowledge, including the sciences [physical and natural]. 
In higher mathematics, proofs are absolutely essential because often theorems are 
nonobvious and even hard to believe. However, in lower levels of mathematics, 
there is often a tension between the demand to give a formal proof and the feeling 
that a proof is not necessary, particularly if the claim at hand seems intuitively 
clear and self-evident. 
 
Movshovitz-Hadar concisely explains the difference and importance of the definition of proof in 
mathematics compared to definitions in dictionaries which are most often based on frequency of 
usage in the English language. 
 In secondary school mathematics, proof is most often associated with deductive 
reasoning; the NCTM (1989) defined deductive reasoning as "a careful sequence of steps with 
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each step following logically from an assumed or previously proved statement and from previous 
steps" (p. 144). In Principles and Standards for School Mathematics (NCTM, 2000), "a 
mathematical proof is a formal way of expressing particular kinds of reasoning and 
justifications" (p. 56). 
 Stylianides (2007, p. 291) proposes a conceptualization of the meaning of proof in school 
mathematics:  
Proof is a mathematical argument, a connected sequence of assertions for or 
against a mathematical claim, with the following characteristics: 
 
 It uses statements accepted by the classroom community (set of accepted 
statements) that are true and available without further justification; 
 It employs forms of reasoning (modes of argumentation) that are valid and 
known to, or within the conceptual reach of, the classroom community; 
and 
 It is communicated with forms of expression (modes of argument 
representation) that are appropriate and known to, or within the 
conceptual reach of, the classroom community. 
 
This definition is a mathematical definition of proof, axiomatic in nature, yet a means for 
transitioning from informal justifications (often based on intuition and investigation) to the 
formal proof in a mathematics classroom. Such transitioning aligns with the basic constructivist 
principle of students constructing new knowledge from previous knowledge. 
Proof Schemes 
 In mathematical theory and practice, proof has a central role (Schoenfeld, 1994; Hanna, 
2000). However, proof has changed over time; that is, “what was acceptable to one generation of 
mathematicians may not be considered rigorous enough by another” (Hanna, 2000, p. 22). To be 
inclusive, Harel and Sowder (2007) allowed subjectivity in their definition of proof; “a proof is 
what establishes truth for a person or a community” (p. 806). Also, Harel and Sowder (2007, p. 
808) identified the following factors relevant to proof: (1) Existing knowledge shapes the 
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construction of new knowledge; (2) The integrity of proof, historically understood and practiced, 
must be preserved; and (3) Proofs are social as in a person‟s argument must be accepted by 
others. Proof‟s subjectivity and the recognition of these factors demanded the need for the 
construct proof scheme, “a term we use to describe one‟s (or a community‟s) conception of 
proof” (Harel and Sowder, 2007, p. 808). Using definitions for conjecture versus fact, proving, 
and ascertaining versus persuading, Harel and Sowder (2007) refined the construct: “A person‟s 
(or a community‟s) proof scheme consists of what constitutes ascertaining and persuading for 
that person (or community)” (p. 809). 
 Proof schemes can be organized into three categories (Harel and Sowder, 1998; 2007): 
(1) External conviction (initially named externally based) – the evidence that ascertains a person 
and what a person uses to persuade a community reside in some outside source; (2) Empirical – a 
person's evidence consists of examples; and (3) Deductive (initially named analytic) – a person's 
evidence is based on deductive reasoning. Furthermore, Harel and Sowder created subcategories 
for each proof scheme category. 
External Conviction Proof Schemes 
 There are three subcategories for external conviction proof schemes (Harel and Sowder, 
1998; 2007): (a) Authoritarian – a person's conviction relies on an authority such as a teacher or 
a book; (b) Ritual – a person's conviction depends on the visual appearance of the proof; and (c) 
Non-referential symbolic – a person's conviction depends on symbols or manipulation which 
may be correct or incorrect.  
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Empirical Proof Schemes 
 Empirical proof schemes are comprised of two subcategories (Harel and Sowder, 1998; 
2007): (a) Inductive – a person's evidence consists of examples often including quantitative 
information; (b) Perceptual – a person's evidence is based on visual interpretations. 
Deductive Proof Schemes 
 Deductive proof schemes consists of two subcategories (Harel and Sowder, 1998, 2007): 
(a) Transformational – a person's evidence consists of generality, demonstrates operational 
thought in the proving process, and the justification is framed using logical inference; and (b) 
Axiomatic – a person's evidence consists of generality, operational thought, and logical inference 
(i.e., transformational), and also includes the structural knowledge that the mathematical system 
in which the person is constructing proofs consists of a beginning set of accepted truths (axioms). 
Functions of Proof 
 Historically, in traditional secondary school mathematics courses, the geometry course is 
where most students are exposed to formal proof in an axiomatic system for the first time. Herbst 
(2002, p. 284) stated, “It has been traditional to use the high school geometry course to help 
students develop the skill of „doing proofs.‟ This custom has been in place for more than a 
century and has had an enduring influence on how Americans think about mathematical proof.” 
Furthermore, “the method of deductive proof is one of the characteristics of mathematics 
responsible for the central role mathematics plays in Western thought” (Aleksandrov, 1963, as 
cited in Chazan, 1993, p. 359). However, Stone (1971, p. 91) stated, "There seems to be quite 
general agreement that in all of school mathematics there is no subject more difficult to learn or 
to teach than axiomatic geometry." Young (1925, as cited in Fawcett, 1938, p. 2) indicated that 
Euclid's model of axiomatic geometry was "not intended for the use of boys and girls, but for 
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mature men," a possible explanation for this difficulty of teaching and learning as many texts in 
the twentieth century were derivatives of Euclid's model. Given proof's importance in 
mathematics and the challenges of teaching and learning proof, identifying functions (or roles) of 
proof could provide insights regarding the teaching and learning of proof.  
 Bell claimed that proof has three functions in mathematics (1976, as cited in Clements, 
2003): (1) Verification – concerned with establishing the truth of a proposition; (2) Illumination 
– concerned with conveying insight into why a proposition is true; and (3) Systematization – 
concerned with organization of propositions into a deductive system. Knuth (2002, p. 487) stated 
"... mathematicians recognize that a primary role of proof in mathematics is to establish the truth 
of a result; yet perhaps more important, particularly from an educational perspective, is their 
recognition of its role in fostering understanding of the underlying mathematics." Knuth's 
statement suggests that verification and illumination are more significant than systematization, 
with illumination having the greater role with regard to understanding mathematics. 
 Clements (2003) noted that too many students do not appreciate or experience these 
functions, hence, more effective ways are needed to develop proof capabilities. Also, more than 
70% of students begin secondary school geometry at van Heile Levels 0 (recognition) or 1 
(analysis) and only students at Level 2 (relationships) or higher have a good chance of becoming 
competent with proof by the end of the course (Shaugnessy and Burger, as cited by Clements, 
2003). These percentages are somewhat dated, 1985; given the Standards-based movement in 
mathematics education of the late-1980s, the percentages may have changed with fewer students 
entering at Levels 0 and 1. 
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 In 1999, building on the work of Bell (1976), Balacheff (1988), Hanna (1990), Hersh 
(1993), and others, de Villiers identified six functions of proof in mathematics (Harel and 
Sowder, 2003, p. 819):  
 Verification – a means to demonstrate the truth of an assertion according 
to a predetermined set of rules of logic and premises; 
 Explanation – the seeking of insight into why an assertion is true; 
 Discovery – situations where through the process of proving, new results 
may be discovered; 
 Systematization – the presentation of verifications in organized forms, 
where each result is derived sequentially from previously established 
results, definitions, axioms, and primary terms; 
 Communication – the social interaction about the meaning, validity, and 
importance of the mathematical knowledge offered by the proof produced; 
and 
 Intellectual challenge – the mental state of self-realization and fulfillment 
one can derive from constructing a proof. 
 
According to de Villiers, these functions are not mutually exclusive. Bell's functions of proof are 
a subset of de Villiers when one equates illumination to explanation. 
 Based on the work of Bell (1976), de Villiers (1990, 1999), and Hanna and Jahnke 
(1996), Hanna (2000, p. 8) presented a comprehensive list of the functions of proof and proving:  
 Verification – concerned with the truth of a statement; 
 Explanation – providing insight into why it is true; 
 Systematization – the organization of various results into a deductive 
system of axioms, major concepts and theorems; 
 Discovery – the discovery or invention of new results; 
 Communication – the transmission of mathematical knowledge; 
 Construction of an empirical theory; 
 Exploration of the meaning of a definition or the consequences of an 
assumption; and 
 Incorporation of a well-known fact into a new framework and thus 
viewing it from a fresh perspective. 
 
Hanna's functions of proof include all of de Villiers' except intellectual challenge. 
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Pedagogical Approaches 
 In recent years, educators have debated the relative emphasis that formal proof should 
have in secondary school geometry. Three approaches as to how a secondary school geometry 
course should be approached emerged from these discussions (Battista and Clements, 1995):  
(1) The continued traditional focus on axiomatic systems and proof; (2) The abandonment of 
proof for a less formal investigation of geometric ideas; and (3) The gradual movement from an 
informal investigation of geometry to a more proof-oriented focus. 
 Along with these three approaches, consideration of the use of dynamic geometry 
software such as Sketchpad must be taken into account. Claims that “the opportunity offered by 
such environments [dynamic geometry software] to „see‟ mathematical properties so easily 
might reduce or even kill any need for proof and thus any learning of how to develop a proof” 
have been made (Laborde, 2000, p. 151). In fact, in 1993 Grünbaum presented proofs of 
geometric conjectures using Mathematica and the argument that "... if experiment after 
experiment with randomly selected points reaffirms the same result, the probability of the result 
being false effectively becomes zero" (de Villiers, 1997, p. 22). Furthermore, Grünbaum (1993, 
as cited in de Villiers, 1997, p.22) stated:  
Do we start trusting numerical evidence (or other evidence produced by 
computers) as proofs of mathematics theorems? ... if we have no doubt – do we 
call it a theorem? ... I do think that my assertions about quadrangles and 
pentagons are theorems ... the mathematical community needs to come to grips 
with the possibilities of new modes of investigation that have been opened up by 
computers. 
 
de Villiers (1997) claimed that proof as a means of verification of an assertion was a narrow 
viewpoint – that is, proof has other valuable functions in mathematics. 
 Another consideration is textbooks. There are now textbooks available that align more 
with Battista and Clements‟ (1995) approaches (2) and (3) – for example, Serra‟s Discovering 
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Geometry: An Investigative Approach (Publisher: Key Curriculum Press, 2003) and Cox‟s 
Informal Geometry (Publisher: Prentice Hall, 2006). These textbooks, coupled with secondary 
school students‟ struggles with formal deductive proof, might make approaches (2) and (3) more 
appealing for secondary school teachers. 
Recommendations and Standards 
 The CBMS, sponsored by the American Mathematical Society (AMS) in cooperation 
with the MAA, offered six recommendations for the preparation of mathematics teachers. Two 
of the six recommendations were relevant to geometry and proof. The CBMS (2001, p. 41) 
recommended that mathematics teachers need an “understanding of the nature of axiomatic 
reasoning and the role that it has played in the development of mathematics, and facility with 
proof” if they are to be well-prepared to teach a secondary school geometry course. In this 
context, the implication is that proof is very formal – that is, a student endeavor of pure 
mathematical nature. The CBMS (2001, p. 41) also recommended that mathematics teachers 
need the “ability to use dynamic drawing tools to conduct geometric investigations emphasizing 
visualization, pattern recognition, conjecturing, and proof.” In this context, the implication for 
proof could be informal (an inductive approach that supports the argumentation of a conjecture‟s 
validity), formal, or possibly both. Clearly, the two CBMS recommendations support Battista 
and Clements‟ (1995) approach (1) and one could argue that all recommendations support 
approach (3). 
 In 1991, the NCTM published Professional Standards for Teaching Mathematics. One 
section focused on the professional development of teachers of mathematics. Portions of 
Standard 2, Knowing Mathematics and School Mathematics, is relevant to this topic (NCTM, 
1991): “The education of teachers of mathematics should develop their knowledge of the content 
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[emphasis added] and discourse of mathematics, including ways to reason mathematically, solve 
problems, and communicate mathematics effectively at different levels of formality [emphasis 
added]; and in addition, develop their perspectives on the changes in the nature of mathematics, 
and the way we teach, learn, and do mathematics resulting from the availability of technology 
[emphasis added]” (p. 132). The standard is applicable to mathematics in its broader context 
across all grade levels; but, with emphasis added, speaks to the preparation of secondary school 
teachers of geometry. Note that the CBMS recommendations are consistent with the NCTM 
standard. 
 In the NCTM's Principles and Standards for School Mathematics, the following 
statement clearly states the challenge that teachers have (NCTM, 2000, p. 311): 
One of the most important challenges in mathematics teaching has to do with the 
roles of evidence and justification, especially in increasingly technological 
environments. Using dynamic geometry software, students can quickly generate 
and explore a range of geometric examples. If they have not learned the 
appropriate uses of proof and mathematical argumentation, they might argue that 
a conjecture must be valid simply because it worked in all the examples they 
tried. 
 
This was exactly the circumstance that occurred in my geometry class described in Chapter 1. In 
fact, another student in the class accepted the presentation as a proof based on the sheer number 
of examples that could be generated by dragging the vertices (separately) in the sketch and 
observing that the Pythagorean relationship remained true. 
Proof and Dynamic Geometry Software 
 Research suggests dynamic geometry software facilitates some types of learning 
activities, for example, exploration and visualization, and can enhance some others, such as 
proof and proving (Jones, 2002). But, for preservice secondary school mathematics teachers, 
what kind of proof – informal proof (i.e., inductive justifications sometimes referred to as 
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mathematical argumentation) or formal proof (i.e., deductive proof)? That is, what are preservice 
secondary teachers‟ current notions (conceptions and misconceptions) of proof in a dynamic 
geometry software environment? 
 Pandiscio (2002) explored these notions in a qualitative research study, a case study 
consisting for four participants. His choice of case study was based on the nature of the study – a 
research question of the explanatory variety. His sample size was of concern, but he defended his 
choice of small sample size well in the methodology portion of his article. A limitation in this 
study was that discourse among students and/or with the professor wasn‟t reported beyond that 
of the data collection instruments or techniques. However, Pandiscio indicated that discourse 
among students and/or with the professor wasn‟t a focus in the study. 
 According to Pandiscio (2002), three themes emerged that illustrated how preservice 
secondary school mathematics teachers view proof and how technology might influence student 
work with proof: (1) After using dynamic software, preservice mathematics teachers were 
concerned that high [secondary] school students will believe proofs are unnecessary; (2) 
Preservice teachers still believed a formal proof was different from “proof by many examples,” 
but after repeated use of dynamic software, they questioned the value of the formal proof for 
high [secondary] school students; and (3) Preservice teachers believed that the greatest value of 
dynamic software is helping students understand key relationships that are embedded in a proof. 
 Mariotti (2000, p. 48) stated, “The field of experience of geometrical constructions in the 
Cabri [a popular graphing calculator-based geometry environment available on some Texas 
Instruments calculators] environment provides a context in which the development of the 
meaning of Geometry theorem may be achieved.” The “meaning of Geometry theorem” is of 
great importance. Pandiscio‟s first theme is a reasonable conclusion provided secondary school 
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students use a dynamic geometry software to establish “meaning of Geometry theorem.” 
However, Mariotti (2000) also suggested that this “meaning of Geometry theorem” at a status of 
justification using the software as mediation may promote a passage from an „intuitive‟ geometry 
to a „theoretical‟ geometry validated by formal proof. If so, secondary school students might 
value proof as a necessary activity for this “meaning of Geometry theorem.” 
 The second theme refers to preservice secondary school mathematics teachers valuing 
proof, rather than secondary school students valuing proof. Pandiscio (2002, pp. 218-219) shared 
preservice teachers‟ statements: 
Statement 1: All we did in my geometry class was proofs. 
Statement 2: Isn‟t the point of geometry to learn how to use deductive logic?   
Statement 3: I never really understood why we did all those proofs, but I got the 
impression that the only reason we took geometry was to learn how to do proofs. 
Statement 4: Well, I never really thought about why we should include proof, I 
just figured that was what geometry was all about. 
 
These statements seem to support proof and geometry as synonymous entities for these 
preservice secondary school mathematics teachers; however, they could not give a reason why 
this should be so. Possibly, a misconception in preservice teachers‟ understanding of formal 
proof in mathematics exists in general. Are these preservice secondary school mathematics 
teachers „practicing‟ proof in any of their other mathematics courses? Pandiscio does not indicate 
whether the preservice secondary school mathematics teachers are exposed to proof in other 
mathematics courses. 
 The third theme is a statement valuing the use of the software as a tool for better 
understanding “key relationships that are embedded in a proof.” In supporting this theme, 
Marrades and Gutiérrez (2000, p.119) state: 
A DGS [dynamic geometry software] like Cabri may well help secondary school 
students understand the need for abstract justifications and formal proofs in 
mathematics. Secondary school students cannot make a fast transition from 
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empirical to abstract ways of conjecture and justification. Such transition is very 
slow, and has to be rooted on empirical methods used by students so far. In this 
context, DGS lets students make empirical explorations before trying to produce a 
deductive justification, by making meaningful representations of problems, 
experimenting, and getting immediate feedback. 
 
It appears as if the dynamic aspect of such geometry software is the key feature in students‟ 
explorations. 
 Pandiscio (2002, p. 216) summarized the three themes into one major finding for his 
study: “The most striking result is that all four participants saw dynamic software as a tool to 
make sense of proofs, but not necessarily as a tool that is helpful to create proofs.”  Others (de 
Villiers, 1997; Hanna, 2000; Marrades and Gutiérrez, 2000) have suggested that dynamic 
geometry software could be a valuable tool helpful in creating proofs. 
Discussion 
 From the review of this body of literature, it appears that the preservice secondary school 
mathematics teachers value formal proof in a dynamic geometry software environment. 
However, it is unclear why preservice secondary school mathematics teachers value formal proof 
in geometry. Understanding the function(s) of formal proof in mathematics seems to be an issue 
for these students. Also, it seems that preservice secondary school mathematics teachers 
understand the difference between proof (i.e., formal or deductive) and mathematical 
argumentation (i.e., informal or inductive). However, it is unclear whether they understood 
appropriate uses of these two modes of justification in mathematics. This will be important given 
the increased availability of dynamic geometry software environments (e.g., GeoGebra). 
  Preservice secondary school mathematics teachers‟ preparation should include geometry 
experiences in the three contexts (i.e., Battista and Clements‟ approaches (1995)) with a dynamic 
geometry software environment available. Restated, the contexts are: (1) The continued 
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traditional focus on axiomatic systems and proof; (2) The abandonment of proof for a less formal 
investigation of geometric ideas; and (3) The gradual movement from an informal investigation 
of geometry to a more proof-oriented focus. Such preparation can provide the “depth and breadth 
of geometry knowledge needed to teach high [secondary] school mathematics [geometry] well” 
(CBMS, p. 37). Furthermore, appropriate pedagogical practices of geometry teachers should 
align with the approach emphasized in a dynamic geometry software environment. 
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Chapter 3 : RESEARCH DESIGN 
 The purpose of this chapter is to present the research design for this study. Harel and 
Sowder (2007) indicated many factors (mathematical, historical, epistemological, cognitive, 
sociological, instructional, and cultural) are involved in the teaching and learning of proof and its 
functions. Hence, preservice secondary school mathematics teachers' current notions, both 
conceptions and misconceptions, of proof are complex entities. Thus, a qualitative approach was 
selected as the method for investigating the proposed questions. 
Rationale for Case Study 
 By definition, a case study is the exploration of "a single entity or phenomenon ('the 
case') bounded by time and activity (a program, event, process, institution, or social group) and 
collects detailed information by using a variety of data collection procedures during a sustained 
period of time" (Merriam, 1988; Yin, 1989, as cited in Creswell, 1994, p. 12). In this research 
study, the entity is preservice secondary school mathematics teachers' current notions of proof in 
Euclidean geometry and will be bounded by a time length of three months (approximately). 
Participant activities observed by the researcher included validations of Euclidean 
geometric statement justifications, explanations of self-constructed justifications of a Euclidean 
geometric statement and problem, and explanations of Euclidean geometric statement 
justification preferences as a secondary mathematics school teacher versus that of a mathematics 
learner. Other activities included interviews with participants‟ geometry instructors (when 
possible) and the review of relevant course documents. 
Four case studies, independent of one another, were conducted simultaneously. After 
each case study was completed, a cross-case analysis was completed searching for "patterns and 
themes that cut across individual experiences" (Patton, 2002, p. 57). Such an approach provided 
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the opportunity for the researcher to: (1) clarify and understand complexities, and (2) provide 
insights that change behavior, refine existing knowledge, or identify problems (Peshkin, 1993). 
Participants 
 The participants for this study were four preservice secondary school mathematics 
teachers from at least three colleges or universities. The selection of the participants was done 
strategically and purposefully as „information-rich‟ cases provided the researcher an opportunity 
to "learn a great deal about matters of importance" (Patton, 2002, p. 242). Participants were 
selected using the following process:  
 I contacted college and university faculty within a 150 mile distance from 
my locale who teach a college-level geometry course that was included in 
the degree program for secondary school mathematics teachers. (Note: 
The college-level geometry course need not be limited to Euclidean 
geometry; however, Euclidean geometry must receive significant attention 
in the course.) 
 After informing faculty of the study, I requested a list of possible 
participants. 
 The main criterion for selection was that the participant successfully 
completed a college-level geometry course where dynamic geometry 
software was available for use.  
 Other criteria for selection involved logistics - meeting times concur for 
the participants and me, and the participants' ability to communicate with 
me electronically. 
 
 In this study, a preservice secondary school mathematics teacher was the unit of analysis 
(case). It should be noted that a preservice teacher's geometry instructor (when possible) was a 
secondary participant as he or she was interviewed and the interview data was used in building 
the case record. Thus, the selection of a secondary participant was dependent on the selection of 
a participant.  
Data Collection 
 Multiple forms of data were collected and examined so as to "construct a rich and 
meaningful picture of a complex, multifaceted situation" (Leedy and Ormrod, 2005, p. 133). 
 35 
 
Those forms included interview (semi-structured) transcripts from both participants (preservice 
secondary school mathematics teachers) and secondary participants (course professors, when 
possible), anecdotal notes from the playback of the recorded interviews and the review of the 
interview transcripts, document analyses of both previous geometry course documents and any 
documents generated by participants via assigned Euclidean geometry tasks, and participant 
emails. The four researcher constructed case records served as data for the cross-case analysis. 
 At the first meeting, each participant was informed of the nature of the study; however, 
the actual research questions were not revealed. Also, a statement regarding participation in the 
study and right to opt out without negative consequences was read aloud by me to each 
participant (including any secondary participants) and also presented in writing with the 
appropriate informed consent forms (see Figure A.1 and Figure A.2). 
 Though data collection was ongoing over a three-month time frame, three major phases 
guided this collection. 
Phase One 
 Phase one was the first month of the study. It consisted of an interview with each 
participant and, if necessary and possible, an interview with each participant's geometry course 
professor. The participant interview was a semi-structured interview primarily targeting the first 
supporting question. Participants validated multiple justifications of three Euclidean geometry 
statements. The purpose was to identify each participant's preferred proof scheme(s) used in the 
justifications. After a participant interview was completed, an interview with the participant's 
geometry course professor (if necessary and possible) was conducted for the purpose of 
determining the role of proof and nature of proof in the geometry course. Course documents and 
assigned tasks were also collected from the participant and/or the professor. 
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Phase Two 
 During the second month of the study, a second semi-structured interview with each 
participant occurred. The interview was similar to the first with participants validating multiple 
justifications of two statements from Euclidean geometry; again, the purpose was to identify 
each participant's preferred proof scheme(s) used in the justifications. However, researcher 
questioning was more in-depth in the second interview as the identification of participants' 
interpretations of function of proof, the second supporting question, became a focus. Again, an 
interview with each participant's geometry professor (if necessary and possible) followed the 
participant interview; the purpose of the second professor interview was to determine the 
professor's perspective on functions of proof.  
Phase Three 
 In the third month of the study, the third supporting question was the focus. This phase 
required some preliminary work by the participants. Each participant was given two packets. The 
first packet contained two tasks, a geometric statement and a problem requiring mathematical 
argumentation and/or proof; it was given to each participant at the conclusion of the second 
interview. The second packet contained information about proof schemes and functions of proof. 
The information in this packet was discussed after the two statements with justifications were 
completed in the second interview. The participants identified the proof scheme(s) and 
function(s) of proof for each presented justification and their work on the two tasks. A third 
interview with each participant's geometry professor (if possible) was conducted for the purpose 
of reviewing his/her participant's tasks and discussion of proof scheme(s) and function(s) of 
proof. 
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Also, two emails were sent to each participant following the third interview requesting: 
(1) identifications of proof scheme(s) for the statement and task justifications; and (2) 
identification(s) of functions of proof that the participant values with explanation(s). 
Data Analysis 
 There were two levels of data analysis for this research study. The first level of analysis 
generated the case records for the four case studies. The second level of analysis was a cross-
case analysis of the four case records. 
 The following steps were used in the first level of analysis (Creswell, 1994; Stake, 1995, 
as cited in Leedy and Ormrod, 2005, p. 136): (1) Organization of details about the case – 
specific details (facts) about the case were arranged in a logical order; (2) Categorization of data 
– categories were identified that helped cluster the data into meaningful groups; (3) 
Interpretation of single instances – specific documents, occurrences, and other bits of data were 
examined for the specific meanings they might have in relation to the case; (4) Identification of 
patterns – the data and their interpretations were scrutinized for underlying themes and other 
patterns that characterized the case more broadly than a single piece of information can reveal; 
and (5) Synthesis and generalizations – an overall portrait of the case was constructed and 
conclusions were drawn that may have implications beyond the specific case that was studied. 
Data analysis for each case study began immediately after the first interview was completed and 
was ongoing throughout the three phases. The analysis of phase one was used to inform the data 
collection for phase two; and phase two analysis was used to inform the data collection for phase 
three. 
 The second level of analysis, the cross-case analysis, was conducted using the four case 
records as the data. The purpose of this analysis was to search for patterns and themes that were 
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consistent in the four case records. This aggregation of the four case records produced themes 
that could be investigated in subsequent research studies. 
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Chapter 4 : RESULTS 
 The purpose of this chapter is to present the research results of this study. The results 
include four case studies, one per participant, and the themes derived from the cross-case 
analysis of the four case studies. Each case study is presented chronologically based on the 
primary data source – the three participant interviews; secondary data sources were used to 
construct a more complete case study. The section concludes with the results of the cross-case 
analysis.  
Interview Structure 
 All participant interviews were semi-structured. The first interview consisted of the 
presentation of three Euclidean geometry statements and three justifications for each statement. 
After a justification was presented, the lead question was “Is this justification convincing?,” then 
“Why?” or “Why not?” depending on the participant‟s response to the first question. Responses 
prompted other probing questions and dialogue. Much of the second interview was structured 
like the first but with two statements instead of three; also, Harel and Sowder‟s proof schemes 
(1998; 2007) and Hanna‟s functions of proof (2000) were presented. The third interview 
consisted of a geometry statement where participants provided a justification(s) and a problem 
that required participants to answer and then provide a justification for the answer. 
After the interviews concluded, two emails (corresponding to interview one and interview 
two) were sent to participants. The first email requested the participant to identify the proof 
scheme(s) that best described each justification presented for the three geometry statements in 
the first interview. After receiving the participant‟s emailed responses, a second email was sent 
requesting that the participant identify the proof scheme(s) that best described each justification 
presented for the two geometry statements in the second interview. Also, in the second email, the 
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participant was asked to identify the function(s) of proof that he or she values and explain why, 
from both the student and teacher perspective. 
 The six geometry statements selected for this study were items appropriate for use in a 
secondary level Euclidean geometry course. Statements one and three were more common (i.e., 
popular) and the other statements, less familiar. The problem selected, often referred to as „The 
Pirate Problem,‟ was challenging as the answer and justifications for the answer were not 
obvious or intuitive.  
Case Study One: Michelle 
 Michelle was a student in her final year of a secondary mathematics education program at 
a large university located in a large city in the southeastern region of the United States. The 
mathematics required in her program of study was an “area of concentration” in mathematics. 
Her mathematics concentration coursework included a calculus sequence (one variable calculus 
including analytic geometry topics, multi-variable calculus, and ordinary differential equations), 
linear algebra, probability, number theory, mathematics history, an advanced geometry course, 
and a problem solving course for teachers. Michelle also completed a two-course operations 
research sequence as elective courses. 
 Michelle considered accounting and pharmacy as majors at the outset of her college 
career. However, by her sophomore year in college, her passion for mathematics, the childhood 
dream of becoming a teacher, and her experiences as a mathematics tutor in high school 
prompted her to pursue a major in secondary mathematics education. One of her primary goals in 
life was to be of service to others through teaching. 
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The First Interview 
Statement One. 
 Michelle was presented the following Euclidean geometry statement (Ulrich, 1987, p. 
182): The sum of the measures of the angles in a triangle is     . I asked her to read the 
statement aloud and then explain. Her explanation along with the sketch she drew while 
explaining (see Figure 4.1) follows: 
So, if you add up the angles in any type of triangle, they‟ll always equal       . 
Equilateral, all       and         is       ; if you have a right triangle, then 
one is       and the other two are      , so when you sum you get       . 
 
 
Figure 4.1: Michelle's triangles used in her explanation of statement one. 
I was surprised at her response given the mathematics coursework that she had 
completed. I expected her response to include a more arbitrary triangle (e.g., a scalene obtuse 
triangle) rather than an equilateral triangle and right triangle that, from her diagram, appears to 
also be isosceles. 
After her explanation, I presented the first justification for the statement. The justification 
consisted of cutting out five different triangles from construction paper, cutting off (or tearing 
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off) the angles of each triangle, and then arranging the three angles for each triangle so that a 
straight angle is formed (see Figure B.1 and Figure B.2). 
After demonstrating with the first triangle, the dialogue between Michelle (M) and me 
(R, the researcher) was as follows: 
R: What do you see? 
 
M: They [the angles] make a straight line. A straight line is     . (Michelle then 
demonstrated by cutting off the angles for the remaining four triangles and then 
manipulating the angles to form a straight angle for each triangle.) 
 
R: Is this justification convincing for the statement? 
 
M: I think so. It probably isn‟t because there are more than five triangles. There are 
infinitely many triangles. It‟s convincing to most people, but it‟s not a proof to the 
statement. 
 
From this exchange, Michelle found the justification convincing based on her visual 
interpretation. She also assumed that the justification would be convincing to most people. 
However, she did not accept the justification as a mathematical proof because the evidence 
consisted of only five triangles. 
A second justification of the statement was presented to Michelle. Using The Geometer’s 
Sketchpad® [Sketchpad], Key Curriculum Press‟ dynamic geometry software, I constructed a 
triangle, measured the angles, and then found the angle measure sum. I manipulated the triangle 
by dragging each of the vertices; the angle measures and sum were observed as the triangle was 
manipulated. Michelle also manipulated the triangle for several minutes, but was uncomfortable 
constructing the triangle, measuring the angles, and finding the angle sum as she had no previous 
experience using the software, but had seen demonstrations. Figure B.3 contains two captions of 
the manipulation. 
As Michelle manipulated the triangle, the following dialogue occurred: 
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R: How many triangles are you viewing? 
 
M: Infinitely many. 
 
R: Is this justification convincing for the statement? 
 
M: I think so. It‟s convincing, but it is not a proof – [the sketch] doesn‟t say it will always 
work. 
 
R: But you said there were infinitely many – correct? 
 
M: Yes, but you can‟t list them. (A lengthy pause occurred in the conversation as 
Michelle continued to investigate triangles with Sketchpad.) 
 
R: It appears as if it always equals      – even when a triangle has two really small 
angles and one really large angle. (Michelle had manipulated the triangle so that it was 
almost a degenerate triangle.) 
 
M: Right. 
 
R: Which of the two justifications is more convincing? 
 
M: I think this [Sketchpad] is more convincing „cause you can see more examples; but, 
the first [justification] is – I think you grasp the understanding better because you 
physically do it yourself. So, I think once you understand the concept, this [Sketchpad] is 
convincing, seeing that it always works. 
 
Michelle was quick in stating that the second justification wasn‟t a proof. However, she 
struggled to explain why it wasn‟t stating only that one couldn‟t list all of them [triangles]. When 
she began to investigate using Sketchpad, manipulating the triangle and observing the angle sum, 
she seemed to be more convinced that the statement was true and less concerned about a proof – 
from the dialogue above, she stated, “… this [Sketchpad] is convincing, seeing that it always 
[emphasis added] works.” She valued the physical („hands-on‟) nature of the first justification 
and the great number of examples one can view with Sketchpad in the second justification. 
The third justification presented to Michelle was a deductive proof (two-column) from a 
secondary school geometry textbook (see Figure B.4). I asked Michelle to read the justification 
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from the textbook. After Michelle quickly and silently read the deductive proof, the dialogue was 
as follows: 
M: I think this is convincing, that it works for all triangles. 
 
R: Why? 
 
M: Because the lengths and the angles of this particular triangle aren‟t necessary to 
complete this proof where with the paper triangles and Sketchpad triangle you were 
dealing with specific triangles – this, I mean, [triangle]     can be any equilateral or 
isosceles, it could be scalene, you have no idea. You refer to just the points and the 
numbers [angle labels]. 
 
R: Are you familiar with justifications like this? 
 
M: Yeah, proof tables. 
 
R: Of the three justifications, which is most convincing for you? 
 
M: For me, the proof [the third justification presented]. 
 
 Michelle was more accepting of this justification as evidence of the truth of the statement 
than the other two justifications. Generality (i.e., applies to all triangles) was the basis for her 
accepting the justification as a formal proof; however, her familiarity of justifications in a two-
column format may have had an influence. 
 Thus far in the interview, Michelle has responded as a student of Euclidean geometry. I 
was curious about her thoughts about the justifications as a teacher in a Euclidean geometry 
setting. The following dialogue occurred: 
R: As a teacher, which justification would you prefer? 
 
M: All three. 
 
R: In what order? 
 
M: Probably the same order that you did with me – the paper triangles, Sketchpad, and 
then the proof. 
 
R: Why? 
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M: Students don‟t like proofs at all – so, if I started with the proof, I don‟t think they‟d 
really pay attention. But if you started with some manipulative, something they could use 
„hands-on,‟ then they would be interested – spark their interest to see if it always works. I 
think anytime you can use technology, the students enjoy that. 
 
Michelle had recently observed a geometry class where manipulatives were often used. 
Also, Michelle studied Euclidean geometry in secondary school; her college experience in 
geometry was an advanced geometry course that emphasized axiomatics. Though she 
successfully completed the course, she indicated that it wasn‟t enjoyable (i.e., a negative 
experience) and that she was often lost in the course as almost every class period consisted of 
formal proofs presented in a lecture format. When I inquired about interviewing her geometry 
professor, she requested that I not do so. She did not provide specific details, but indicated that 
there had been a conflict with the professor. The university‟s catalog confirmed that the course 
was an advanced course with topics from both Euclidean and non-Euclidean geometry. 
Statement Two. 
 The following Euclidean geometry statement (Geltner and Peterson, 1995, p. 179) was 
presented to Michelle: If a secant containing the center of a circle is perpendicular to a chord, 
then it bisects the chord. I asked her to read the statement aloud and then explain. After she read 
the statement, the following dialogue occurred: 
M: I‟m not as familiar with this one. (Michelle draws a diagram (see Figure 4.2).) Unsure 
about a secant line (Michelle is thinking a tangent line instead of a secant line. I intervene 
and assist with a definition of a secant line. Michelle then completes the diagram.) So, 
these [line segments created from bisection] are congruent(?) (Her voice tone indicated a 
question rather than statement.) 
 
R: Do you believe this is true? 
 
M: No, not yet – not like the first one [statement one]. 
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Figure 4.2: Michelle's sketch used in her explanation of statement two. 
Given the mathematics coursework that Michelle had completed, I was surprised about 
her confusion of a tangent line and a secant line as each relates to a circle. Furthermore, after 
intervening with a definition of a secant line, the tone in her voice indicated a lack of confidence 
in her understanding of the statement. 
Next, I presented the first justification for the statement. The justification was a deductive 
proof presented verbally and partially written using a pre-drawn diagram (see Figure B.5). At the 
conclusion of the proof, the following dialogue occurred: 
R: Is this convincing? 
 
M: Yes (without hesitation). 
 
R: Is this like the first, second, or third justification from the previous statement? 
 
M: The third – because you spoke [emphasis added] what was written on the paper. It 
applies to all circles because you didn‟t speak [emphasis added] about measurements. 
 
Michelle found the justification convincing based on the generality of the justification, 
“applies to all circles.” 
The second justification of the statement presented to Michelle involved the folding of a 
paper circle. A paper circle was folded on itself (forming a semicircle) and creased. The creased 
 47 
 
fold line was a diameter of the circle and was contained on a secant line that passes through the 
center of the circle. Next, a point was selected (randomly) on the diameter; the diameter was 
folded on itself at that point and creased to generate a chord perpendicular to the diameter. The 
chord was folded on itself at the intersection of the chord and diameter. With this fold, it was 
observed that the endpoints of the chord coincided implying the diameter bisects the chord (see 
Figure B.6). 
As I demonstrated with a paper circle, Michelle also mimicked the folding with a smaller 
paper circle and then completed the folding with a larger paper circle. Michelle indicated that it 
was the first time she had done any „paper-folding‟ in geometry. The following dialogue 
occurred: 
R: Is this justification convincing? 
 
M: Pretty convincing. It‟s convincing in that it works for these three circles. 
 
R: Do you think it will work for the other circles? 
 
M: Yeah. 
 
R: So, what do mean by “pretty convincing?” 
 
M: It‟s convincing. To say that it‟s always true, I don‟t think you can base on this. 
There‟s nothing concrete to say why it always works. Like, you can‟t say this is true 
because I folded three shapes [circles] and it worked each time. To understand how it 
works, this is very helpful. 
 
As with justification one for statement one, Michelle was convinced with this 
justification, but pointed out the lack of generality. However, she did not mention the similarity 
of circles, a factor that makes this justification more general than justification one for statement 
one.  
The third justification presented to Michelle was     analytic examples generated 
randomly using a spreadsheet (see Figure B.7). I explained how I constructed the examples using 
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the spreadsheet. As Michelle observed the spreadsheet for a few minutes, often re-calculating 
(using the    key) generating     different examples each time, the following dialogue 
occurred: 
R: Are you convinced? 
 
M: Yeah (not real confidently). It‟s not as convincing because there are so many steps 
and it‟s hard to grasp. I mean – it makes sense, but (long pause) – it‟s convincing, but I 
wouldn‟t use it as a teacher because I don‟t think students would listen long enough to 
understand how it all comes together. But, it‟d be really good for them to understand. 
 
R: Do you understand it? 
 
M: Yes. 
 
R: Of the three justifications, which would you use in a classroom? 
 
M: I‟d use both the circles [paper-folding] and the proof. I‟d probably start with the 
circles. 
 
R: Why? 
 
M: Using the „hands-on‟ to get students visually to see it. I wouldn‟t use that 
[spreadsheet] – honestly, it would take too long for the students to get if they got it at all. 
I don‟t think they would. 
 
R: From a student perspective, if in a college geometry class, would this [spreadsheet] be 
convincing? 
 
M: It does help. You do know enough information, slope and (long pause) – it would be 
really effective in a college class. 
 
R: How convincing compared to the other two? 
 
M: Ummm ---, more convincing than the circle folding, but not as convincing as the 
proof. Circle folding was three examples, could look at hundreds of examples [with     
key] on spreadsheet, and the proof works for all circles. 
 
R: Have you used a spreadsheet before for something like this? 
 
M: No, I don‟t think so. I‟ve done stuff in computer science, programming and stuff. I‟ve 
never seen it for a concept like this, but for data collection stuff. 
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Michelle appeared to be fascinated with the spreadsheet‟s capability of generating many 
examples quickly. She found the justification somewhat convincing and indicated the lack of 
generality noting the use of many examples. Michelle believed that secondary school students 
would have difficulty understanding the spreadsheet because of the steps used to set-up the 
spreadsheet. 
Statement Three. 
 A third Euclidean geometry statement (Geltner and Peterson, 1995, p. 142) was presented 
to Michelle: The square of the length of the hypotenuse of a right triangle equals the sum of the 
squares of the lengths of the legs. I asked her to read the statement aloud and then explain. She 
identified the statement as the Pythagorean Theorem and drew a diagram with appropriate labels 
as she explained (see Figure 4.3). 
 
Figure 4.3: Michelle's right triangle used in her explanation of statement three. 
In her explanation, she also demonstrated the statement with a concrete example (see 
Figure 4.4). 
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Figure 4.4: Michelle's concrete example used in her explanation of statement three. 
Michelle explained the statement correctly and with confidence. When she began the 
concrete example, I thought that she might use  ,  , and   as the side lengths of her triangle, or 
possibly another Pythagorean triple; instead, she chose   and   as the legs of the right triangle, 
then computed    . She appeared to have a masterful understanding of the statement. 
The first justification was a proof based on areas credited to James A. Garfield (1831-
1881), the 20
th
 President of the United States (Geltner and Peterson, 1995, p. 219). I presented 
the proof verbally and partially written to Michelle using a pre-drawn diagram (see Figure B.8). 
Michelle seemed to understand the justification though she did not remember (or know) the 
formula for the area of a trapezoid. The following dialogue occurred after the presentation: 
R: Is this justification convincing? 
 
M: Yeah (not confidently; she did not recall the formula for a trapezoid and seemed 
distracted with not recalling the formula). 
 
R: How convincing? 
 
M: Ummm (long pause) ---, it‟s pretty convincing (another long pause), it‟s pretty 
convincing, but not completely. 
 
R: Why is it not completely convincing? 
 
M: Ummm (another long pause) ---, you just don‟t know if that works for all triangles. 
 
For the justification, Michelle was concerned about generality. After more discussion, her 
concern regarded the construction of the trapezoid from any right triangle. Using Sketchpad, I 
constructed a dynamic version of the pre-drawn diagram (i.e., the trapezoid) demonstrating how 
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the trapezoid evolved from a right triangle. As I did the construction, I explained each step to 
Michelle. Then, the right triangle was manipulated and the trapezoid observed. The following 
dialogue occurred: 
R: Do you find the justification more convincing now? 
 
M: I don‟t think that‟s [Sketchpad] any more convincing than that [diagram on paper]. 
That [Sketchpad] doesn‟t tell you anything, I mean, you have to use this [paper] with that 
[Sketchpad]. And, I mean, it adds to this. 
 
R: Have you seen this [Garfield‟s proof] or justifications like this before? 
 
P: Not that I can remember. In my high school, I don‟t remember doing a whole lot of 
proofs like this as far as you were given the formula and it worked. Ummm ---, we did 
two-column proofs. 
 
R: So, are two-column proofs convincing? 
 
P: They are the most used in high school. Ummm ---, from my high school experience, 
there was no other proof besides that [two-column]. 
 
Michelle still had concerns. I was surprised and dumbfounded as I thought that the 
Sketchpad demonstration would resolve her generality concerns. Michelle then indicated that this 
was the first time she had seen where area was used in a “proof” (her word). Also, she was very 
familiar with two-column proofs. Later, upon reflection, I thought that she may not really 
understand the justification because of area; that is, maybe she viewed the algebraic quantities as 
area, but forgot that the variables represented the side lengths in the right triangle. 
For the second justification of the statement, Michelle was presented a sheet with three 
non-similar right triangles (see Figure B.9). She was given a standard ruler (scaled in inches and 
centimeters) and a calculator. I asked her to verify the statement by measuring the side lengths of 
each triangle and then verifying the relationship defined by Pythagoras‟ formula. Michelle 
completed the task, measuring and re-measuring in inches, then calculating and re-calculating. 
The dialogue follows: 
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M: It‟s a little off (first triangle), but it might be my measurements. Still a little off 
(second triangle). It‟s pretty close, but not quite (third). 
 
R: So, is “pretty close, not quite” convincing? 
 
M: Ummm (pause) ---, I think it‟s convincing that it works, but it‟s not convincing that it 
always works. 
 
R: Why is that? 
 
M: Only did three triangles and there are lots we didn‟t do. 
 
As with the first justification, Michelle was somewhat convinced, but pointed out the lack 
of generality. She assumed that the statement was true attributing error to her inaccuracy in 
measuring. The measurements in the first triangle were to the nearest eighth of an inch; for 
second and third, she measured to the nearest sixteenth of an inch. Apparently, after the first 
calculation, she recognized accuracy as an issue. 
The third justification presented to Michelle was a dynamic right triangle constructed in 
Sketchpad; the legs and the hypotenuse were measured and the calculator tool was used to verify 
Pythagoras‟ formula (see Figure B.10). As Michelle manipulated the triangle, observing the 
calculations, the following dialogue occurred: 
M: I think that‟s very convincing. 
 
R: Why? 
 
M: I don‟t know, I‟m not being consistent; but, I don‟t know ---, I think it‟s easy to see 
what you‟re doing and you can easily check what it [Pythagoras‟ formula] is saying. I 
mean, you could draw a triangle with those dimensions and do what I did here 
[measuring with ruler]. But, the reason I‟m off is because of my measurements ---, I think 
that, it‟s easy to see what you‟re doing. 
 
 After the dialogue, Michelle continued to manipulate the right triangle in Sketchpad. She 
found the justification convincing. However, she did not indicate the lack of generality. She did 
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embrace Sketchpad‟s investigative capabilities and she explored the Pythagorean relationship 
with several right triangles. 
After finishing discussion for the third justification, the following dialogue supervened: 
R: So, of the three justifications, which would you use in the classroom? 
 
M: I think they‟re all effective. 
 
R: Effective as in convincing? 
 
M: Yeah, I think so. 
 
R: Which is most convincing? 
 
M: I think all are very effective and convincing. I would definitely use this one 
[Garfield‟s proof] because of the algebra. And this one [measuring with ruler] shows 
examples where the students can calculate it does work. I guess if I was doing it, I would 
make sure they were easily measured triangles – like where they ended on whole 
numbers. And, I like the Sketchpad one; the dynamic aspect of it – lots of examples. 
 
Given Michelle‟s concerns about the first two justifications, I was surprised that she 
chose all three justifications and not only the third justification. She stated that all were effective 
and convincing. After some reflection, Michelle might have believed that the first and second 
justifications could be effective and convincing for her students, but not as effective and 
convincing for her. 
The Second Interview 
Statement Four. 
Michelle was presented the following Euclidean geometry statement (Geltner and 
Peterson, 1995, p. 152): In any right triangle, the altitude to the hypotenuse forms two right 
triangles that are similar to each other and to the original triangle. I asked her to read the 
statement aloud and then explain. Her explanation and ensuing dialogue follows: 
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M: Altitude of hypotenuse forms two right angles. And they‟re similar to each other, and 
the other triangle. You can show they are similar by ASA [Angle-Side-Angle Postulate or 
Theorem (depending on text)] - right? 
 
R: I think ASA is used for congruence. Similar? 
 
M: (Long pause) Proportional. 
 
R: How can you show they are similar? What would you need to do? 
 
M: Find lengths of sides and show they are proportional. I understand what it is saying. 
 
Michelle‟s understanding of similarity was proportionality. However, given her ASA 
reference, she apparently knew something about the angles in a triangle and similarity at one 
time. On the other hand, the original right triangle that she drew appeared to be isosceles (see 
Figure 4.5); thus, the altitude to the hypotenuse forms two congruent triangles. The drawing may 
have prompted her ASA reference. Michelle last studied similar triangles formally as a 
secondary school student. 
 
Figure 4.5: Michelle's right triangle used in her explanation of statement four. 
After her explanation, I presented the first justification for the statement. The justification 
was dependent on randomly generated right triangles. The triangles were generated using a 
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spreadsheet (see Figure B.11). Vertices   and   were fixed at points       and       , 
respectively. The  -coordinate of vertex   was generated randomly using the spreadsheet‟s 
random function command; the  -coordinate was then calculated such that vertex   was 
contained on the top half of a unit circle. Thus,      was a right triangle. The foot of the 
altitude, point  , was then determined;   had the same  -coordinate as vertex   and 0 as its  -
coordinate. Appropriate side lengths were computed so that ratios for the three triangles could be 
computed and compared in the spreadsheet. The    function key re-calculated, generating 
another random right triangle with each press of the key. 
After explaining the details of the spreadsheet, and generating and observing about 20 
original right triangles, the following dialogue occurred: 
R: Is this justification convincing? 
 
M: Yeah (very long pause, as she began pressing the    key and observing the results – 
about 10 more times). 
 
R: Would you use this in your classroom? 
 
M: They [students] would like it, but not initially. I‟m not sure they would understand the 
angle measure of     [   ]. I think it would be good later on. (Michelle continued to 
press the    key, observing the results.) 
 
Michelle appeared to be fascinated with this justification. However, she wasn‟t very 
enthused about using it in a classroom. She was unsure about students understanding that     
will always be a right angle. Though she agreed that     was a right angle when I explained 
the spreadsheet, maybe she didn‟t understand why. If not, then how much more of the 
justification‟s spreadsheet design did she not understand?  Nevertheless, as stated, Michelle 
appeared to be fascinated with this justification. I suspect that the randomness of the right 
triangles was responsible for her fascination. As she pressed the    key, she stated that she 
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would not have thought about that example; the example was a right triangle with a very short 
leg (see Figure 4.6). 
 
Figure 4.6: A right triangle with altitude    generated randomly using a spreadsheet; segments 
   and    appear to coincide. 
As Michelle continued to observe the random right triangles and ratios, she appeared to 
be more and more convinced because of the randomness of the triangles; that is, right triangles 
were being generated that she would not have thought of constructing to investigate. 
The second justification of the statement presented to Michelle was a deductive proof. I 
presented it to her verbally and partially written using a pre-drawn diagram (see Figure B.12). 
The following dialogue occurred after the presentation: 
R: Is this justification convincing? 
 
M: Yes (no hesitation). I like that one. I would use it in a classroom. 
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Michelle was very quick in stating that the second justification was convincing and also a 
preference. She seemed very comfortable with a deductive proof as a justification; she was 
engaged in the argument verbally acknowledging each step often providing the reason for 
particular components of the proof. 
Using Sketchpad, the third justification presented to Michelle was a dynamic right 
triangle with the altitude constructed from the right angle to the hypotenuse. Using the 
computational tools in Sketchpad, appropriate ratios for the three right triangles were computed 
(see Figure B.13). These ratios were observed as the right triangle was manipulated. Michelle 
indicated that she had used Sketchpad several times since our last interview session and liked it a 
lot. During the semester of the interviews, she was also enrolled in a secondary school 
mathematics methods course. Michelle indicated that a few of her recent assignments required 
the use of Sketchpad as an investigative tool. 
After I explained the justification, Michelle quickly began to manipulate the right 
triangle. As she continued to investigate, the dialogue was as follows: 
R: Is this convincing? 
 
M: Yes (again, no hesitation with her response). 
 
R: As a teacher, what would be your preference? 
 
M: I‟d use the proof [justification two] first, then Sketchpad. I wouldn‟t use the 
spreadsheet [justification one]. 
 
R: Of the two technology justifications, you chose Sketchpad, why? 
 
M: I think it‟s easier to understand, and it‟s something the students could do – construct 
the triangle and find the measurements themselves. Excel [spreadsheet] is harder to 
understand. 
 
R: What is the difference between Sketchpad and the spreadsheet? Here, we have six 
distances computed instead of measured, … (Michelle interrupts). 
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M: I think that‟s the difference – the computation and you can change the triangle, but 
you can‟t make it what you want it to be where in Sketchpad you can change it yourself. 
 
R: In Sketchpad, you have control? 
 
M: Right. 
 
R: Have you seen a spreadsheet used in this way, with the graphic? 
 
M: No. 
 
 Compared to her response to Sketchpad justifications in the first interview, Michelle was 
far more accepting of this justification. Her preference of using justification two first in a 
classroom underscores her respect for generality that a deductive proof offers. Most surprising 
from this dialogue was her comments about 'controlling' the examples. I had never thought about 
that difference in the two technology justifications. Both the spreadsheet and Sketchpad allow 
students to view many examples quickly. The spreadsheet‟s advantage is randomness, whereas 
Sketchpad‟s advantage is controlled investigation or exploration. 
Statement Five. 
A fifth Euclidean geometry statement (Posamentier, 2002, p. 107) was presented to 
Michelle: For any triangle, the sum of the lengths of the medians is less than the perimeter of the 
triangle. I asked her to read the statement aloud and then explain. Michelle drew a triangle with 
medians (see Figure 4.7) and explained: 
You have a triangle, and the medians go through the sides. So the lengths of all of these 
[medians] are less than the perimeter of the triangle. 
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Figure 4.7: Michelle's triangle used in her explanation of statement five. 
Michelle understood the statement. Though not relevant for the statement, from her 
drawn triangle, she seemed to know that the medians of a triangle are concurrent as she 
emphasized this with a „fat‟ point. 
After her explanation, I presented the first justification for the statement. The justification 
was dependent on randomly generated triangles on a unit circle. The triangles were generated 
using a spreadsheet (see Figure B.14). Triangle vertices,  ,  , and  , were generated randomly 
on a unit circle. The midpoints,   ,   , and   , were calculated using the formula feature of 
the spreadsheet. The aforementioned six points, the sides of the triangle, and the medians were 
plotted. Distances for the six segments were then determined using the formula feature, then the 
lengths of the medians were summed and the side lengths of the triangle were summed (i.e., 
perimeter). These two values were compared using a logic function formula in the spreadsheet. If 
the sum of the lengths of the medians was less than the triangle‟s perimeter, then „YES‟ 
appeared; otherwise, „NO‟ appeared in a spreadsheet cell. The    function key re-calculated, 
generating another triangle with each press of the key. 
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After explaining the details of the spreadsheet, and generating and observing about thirty 
triangles, the following dialogue occurred: 
R: Is this justification convincing? 
 
M: Yes (no hesitation). I like this. 
 
R: Would you use this in a classroom? 
 
M: Yes, probably. 
 
Michelle found the justification convincing and liked it enough to consider using it in a 
classroom. However, there were no further comments from her about the justification though she 
spent several minutes generating triangles and observing the results. I sat silently observing her 
reactions as she had not been this engaged with previous spreadsheet justifications. 
The second justification of the statement consisted of a dynamic triangle constructed in 
Sketchpad with midpoints of the sides and medians also constructed. The lengths of the medians 
were found using the measure tool and then summed using the calculate tool; the perimeter was 
also found using the tools (see Figure B.15). Michelle then manipulated the triangle, even 
viewing a degenerate triangle, visually comparing the two sums. As she continued to manipulate 
the triangle, the following dialogue ensued: 
R: Is this justification convincing? 
 
M: Yes (no hesitation). They‟re close when you have an isosceles triangle with a „short‟ 
base (see Figure 4.8). 
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Figure 4.8: Michelle's investigation of an isosceles triangle with a ‘short’ base. 
R: Of the two justifications, which do you like better? 
 
M: I like Sketchpad better. I just think it‟s more user friendly. It‟s easier to work with. 
The Excel [spreadsheet] would take longer to generate. I like the exploration in 
Sketchpad, the control. Also, you could take students to the computer lab and do 
Sketchpad – Excel, you couldn‟t, it would take too long. And, students are more engaged 
with Sketchpad compared to just punching the    key and observing in Excel. 
 
As with the Sketchpad justification used for statement four, Michelle found this 
justification convincing and spent significant time investigating with Sketchpad. Though she 
seemed to understand the importance of randomness in justification one and was very engaged in 
the spreadsheet, her preference was to be in control so that she could explore triangles that may 
or may not be randomly generated in the spreadsheet. She believed that students would be more 
engaged with such control. Otherwise, she found Sketchpad easier probably because of her 
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recent experiences using Sketchpad (in a methods course) and lack of experience using a 
spreadsheet. 
The third justification presented verbally and partially written to Michelle was a proof 
that made use of a triangle inequality theorem (Musser, Trimpe, and Maurer, 2008, p. 546): The 
sum of the lengths of any two sides of a triangle is greater than the length of the third side. It‟s 
common for a triangle inequality theorem to include „greater than or equal‟ rather than just 
„greater than.‟ This provision would allow application to degenerate triangles. Michelle and I 
discussed this briefly given that she had previously investigated a degenerate triangle using 
Sketchpad. 
Using a pre-drawn diagram, I presented the proof to Michelle (see Figure B.16). She 
appeared to understand the proof as she acknowledged understanding each step. After the 
presentation, the dialogue was as follows: 
R: Is this justification convincing? 
 
M: Yes (no hesitation), it‟s convincing. 
 
R: Of the three justifications, which would you prefer? 
 
M: I‟d probably use Sketchpad. I know normally, I‟d pick the third [proof]. I think that 
drawing the diagram makes it harder. You should probably use both, but I like the 
Sketchpad. I think the students would respond better to it. 
 
 Michelle found justification three convincing, but difficult because of the diagram. Her 
preference of using justification two instead of justification three indicated an appreciation for 
the capabilities of Sketchpad. I believe that her recent experiences with Sketchpad in her 
methods course fostered this appreciation. However, she still valued generality as she indicated 
that she would “normally” choose justification three. 
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 The interview concluded with a presentation of proof schemes (Harel and Sowder, 1998; 
2007) and functions of proof (Hanna, 2000) summarized on a sheet (see Figure B.17) given to 
Michelle. Also, I explained, provided that she agreed, that I would have a few follow-up emails 
related to proof schemes and functions of proof after the third interview. Michelle agreed; then, I 
stated that I would provide an opportunity for questions about any of the items on the summary 
sheet at the end of the third interview. 
 In addition, Michelle was given a packet containing two tasks to complete before the 
third interview: (1) provide a justification(s) for a given geometry statement; and (2) solve a 
given geometry problem and provide a justification(s) for your answer. I requested that she 
complete the tasks on her own using no outside resources (textbooks, internet searches, etc.). 
Technologies such as Sketchpad, a spreadsheet, and a calculator were not considered outside 
resources. Michelle had three-week time period to complete the tasks.  
The Third Interview  
Task One. 
The geometry statement (Posamentier, 2002, p. 82) given to Michelle at the end of the 
second interview for justification was as follows: The sum of the distances from any point in the 
interior of an equilateral triangle to the sides of the triangle is equal to the length of the altitude 
of the triangle. I asked her to read the statement aloud, explain the statement, and then provide 
her justification. Michelle read the statement aloud. Then she pulled a sheet out of her notebook 
where she had drawn a diagram (see Figure 4.9) and commented: 
I didn‟t get very far on them [referring to both tasks]. All I did is make an equilateral 
triangle and expressed the altitude in terms of the length of a side. (A brief pause as I 
observed her diagram.) 
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Figure 4.9: Michelle's diagram for task one. 
As can be seen in Michelle‟s diagram, algebraically, she expressed the altitude of an 
arbitrary equilateral triangle in terms of the triangle‟s side length, but that is all she did in her 
diagram. There is no arbitrary interior point in the diagram. During this brief pause, I wasn‟t sure 
if she understood the statement as she didn‟t explain it as I had requested. But, the fact that the 
equilateral triangle was arbitrary (i.e., side length and altitude were   and   units, respectively) 
indicated generality. The following dialogue ensued: 
M: This is what I thought when I first saw this one – this would be easily shown with 
Geometer’s Sketchpad. 
 
R: Did you do it on Sketchpad? 
 
M: No, I thought I could do it now. 
 
R: Okay, that would be fine. 
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 After her reference to Sketchpad, I knew that I could easily determine her understanding 
of the statement by her activity and explanation using Sketchpad. 
Michelle quickly opened the software and constructed a segment with the straightedge 
tool and the marked a point not on the segment. Using the straightedge tool, she constructed 
segments from the arbitrary point to the endpoints of the initial segment. The result was a 
triangle, but not equilateral. She began to drag the arbitrary point to a location where it appeared 
that the triangle was equilateral. As she began to measure the lengths of the sides to check her 
placement of the arbitrary point, she inquired about how to construct an equilateral triangle that 
would be dynamic. At this point, I intervened: 
R: Let‟s pause for a moment. Do you recall how to construct an equilateral triangle with a 
compass and straightedge? 
 
M: Yeah, I think so – draw a segment, measure it with a compass, then construct arcs. Is 
that right? 
 
R: Okay, let‟s try it in Sketchpad. Start over with a new sketch. 
  
Michelle opened a new sketch, constructed a segment with the straightedge tool, and then 
constructed two circles with the compass tool. It became obvious to her where the third vertex 
should be as she marked the intersection above the segment. She indicated that she could have 
marked the intersection below. Next, she constructed the remaining sides using the straightedge 
tool and hid the two circles. 
After completing the construction of equilateral triangle, she re-read the statement aloud 
and marked an arbitrary point in the interior. She constructed four perpendiculars, one to each 
side of the triangle containing her arbitrary point and one containing a vertex of the triangle. She 
marked the points of intersection, measured the four distances, and summed the three distances 
from the arbitrary point to the sides (see Figure 4.10). 
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Figure 4.10: Michelle's sketch for her justification of task one. 
From this activity, it was clear that she did understand the statement. The following dialogue 
occurred: 
M: It equals the same. And I can move it and it always equals the same. I can move the 
triangle (change size) and it works. This is what I thought of when I first saw this. 
 
R: Why … (Michelle interrupts)? 
 
M: Because we had done similar things [justifications in previous interviews]. 
 
R: Did your experience with Sketchpad in your methods course help persuade you to 
approach this problem with Sketchpad? 
 
M: A little – we didn‟t do very much with Sketchpad. I‟ve learned more [about 
Sketchpad] from these interviews than from my methods course. 
 
R: Is this convincing? 
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M: Yes (no hesitation). 
 
R: For students? 
 
M: Yes (no hesitation, as she continues to manipulate the triangle). 
 
R: Think about what you might do given your algebraic work. You could probably 
generate an analytic geometry proof. 
 
M: Yeah, ummm ---, maybe. 
 
R: How convincing would that be? 
 
M: It would be convincing, very convincing. 
 
R: Which would you use in the classroom? 
 
M: I‟d probably use Sketchpad. If the class were able, I would do that [analytic proof]. 
It‟s a lot of work for a theorem that‟s not that significant. 
  
The tone of Michelle‟s voice indicated that she was somewhat excited with her 
Sketchpad justification. I was surprised as I was under the impression that she had more 
experience with Sketchpad in her methods coursework. She found the justification to be 
convincing, but also indicated that an analytic geometry proof would be very convincing. Her 
last statements, regarding the theorem as “not that significant,” suggested a preference for 
Sketchpad‟s efficiency. 
Task Two. 
The second task given to Michelle was a geometry problem. The problem, presented as 
posed on a fictitious pirate parchment (Scher, 2003, p. 394), follows: 
 The island where I buried my treasure contains a single palm tree. Find the tree. 
From the palm tree, walk directly to the falcon-shaped rock. Count your paces as you 
walk. Turn a quarter-circle to the right, and walk the same number of paces. When you 
reach the end, put a stick in the ground. 
Return to the palm tree, and walk directly to the owl-shaped rock, again counting 
your paces. Turn a quarter-circle to the left, and walk the same number of paces. Put 
another stick in the ground. 
Connect the sticks with a rope, and dig beneath its midpoint to find the treasure. 
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If the rocks remain but the palm tree has long since died, can the riches still be 
unearthed? 
 
I asked Michelle to read the problem aloud and present her answer with justification. Michelle 
read the problem, and then stated: 
It was very hard for me to not ask someone about this one. I wanted to Google it, but I 
didn‟t; that‟s why I didn‟t figure it out. I made a picture of the problem (see Figure 4.11) 
and I thought you could use Geometer’s Sketchpad because you could move the points 
around. Then I wrote down what we know; and if you took away [point]   [palm tree], 
then how could you find [point]   [treasure]. 
 
 
Figure 4.11: Michelle's diagram for task two. 
 Based on her diagram, Michelle had an understanding of the problem; she clearly 
constructed the problem situation with appropriate mathematics notation. (On the handout, I had 
mistakenly referred to the first rock as “Eagle” instead of “Falcon;” hence, Michelle labeled the 
first rock “Eagle” instead of “Falcon.” During the interview, the rock was referred to as 
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“Falcon.”) I inquired about the line segment from point   (Stick 1) to point   (Palm Tree). She 
indicated that the segment was the path chosen back to the palm tree after the placement of the 
first stick. Though she commented about using Sketchpad, she did not do so because she didn‟t 
have access to Sketchpad at the time she worked on the problem. The following dialogue 
occurred:  
R: Your diagram is very good. Would you like to use Sketchpad for the problem now? 
 
M: Yes (enthusiastically). 
 
Michelle then constructed the problem situation using Sketchpad; she inquired about 
labeling, so I assisted. Her sketch (see Figure 4.12) prompted the following dialogue: 
 
Figure 4.12: Michelle's initial Sketchpad diagram for task two. 
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M: So, this [Sketchpad diagram] is basically what I had did [freehand diagram]. But, I 
just want to see something (Michelle constructs      and measures     in her 
Sketchpad diagram (see Figure 4.13)). 
 
 
Figure 4.13: Michelle's Sketchpad diagram with      constructed for task two. 
M: Yeah, that‟s what I thought – the angle at the treasure is    . This is just something I 
noticed in the question; it‟s like the rocks remain but it didn‟t say if the sticks remain – so 
I didn‟t know if that was significant. It kind of made me think that the sticks were not 
significant and I would be looking at the angle relations between the rocks and the 
treasure. 
 
 Michelle‟s insight was good; however, she didn‟t notice that the right triangle appeared to 
be isosceles. Also, she didn‟t think to use the dynamic capability of Sketchpad (i.e., dragging 
point  , the palm tree, and observing the sketch). Her Sketchpad diagram was static. So, I 
intervened: 
R: What if you drag point   [palm tree]? 
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M: (Michelle begins to drag the point.) Ummm ---, treasure stays the same. (A long 
pause), it doesn‟t really matter where the tree is. You just follow the directions from any 
point. That‟s cool. Well, that‟s cool (second time with enthusiasm). I would show 
Sketchpad to students for this problem. I‟m sure the math is cool, but … (long pause as 
she continues to drag the point) the angle [   ] is always    . 
 
R: That appears to be the case. What would the math look like for justifying that it 
doesn‟t really matter what point you begin from? 
 
M: Sketchpad is convincing. To prove it, what kind of math, ummm ---, I don‟t know. 
Maybe a nice two-column proof or something. Can I Google it [The Pirate Problem] 
now? 
 
Michelle opened the internet browser on the computer and completed a „The Pirate 
Problem‟ search using the popular search engine, Google. She selected one of the links and 
viewed the webpage for brief moment (about 20 seconds). She indicated that triangle properties 
were used in the proof. She didn‟t take the time to read the proof; she appeared to only observe 
the diagrams. She then closed the browser returning to her sketch. The dialogue continued as 
follows: 
R: You had a linear algebra course – correct? 
 
M: Yes. 
 
R: Do you remember discussing linear transformations in either linear algebra or your 
geometry course? 
 
M: Maybe, ummm ---, it sounds familiar, but I don‟t remember them. 
 
R: Okay, I‟d like to present a justification that I thought might work using linear 
transformations when I first saw this problem. Is that okay? 
 
M: Yes. 
 
R: I think you might remember more about linear transformations as I explain. My 
justification hinges on viewing „walking the distance to the rock, turning    , and then 
walking the same distance away from the rock‟ as a rotation in a Cartesian plane. 
 
I presented my justification, an analytic geometry proof, to Michelle verbally and 
partially written (see Figure B.18). As I explained, Michelle was very engaged often stating 
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results of the algebraic computations. The proof concludes by demonstrating that the coordinates 
of the treasure are dependent on the coordinates of the two rocks, and not the coordinates of the 
initial point (i.e., the palm tree in the original problem). The following dialogue ensued: 
R: Is this convincing? 
 
M: Yes (no hesitation), very convincing. I don‟t think high school students could do it – 
(the) math is too complex. 
 
R: So, Sketchpad would be your choice? 
 
M: I think so, ummm ---, yes. 
 
R: Go back, the    ? 
 
M: I was trying to find a relation. It was the first thing I saw. 
 
 Michelle seemed to understand the justification that I presented, but indicated that it 
might be too complex for secondary school students. Though her response wasn‟t as enthusiastic 
as earlier, her preference was the Sketchpad justification. Also, as the dialogue above occurred, 
she returned to Sketchpad investigating the right triangle that she had discovered earlier. Her 
focus was definitely on why there was this right triangle in the problem. I sat silently observing 
as she continued to explore the problem with Sketchpad. After about 10 minutes, she seemed to 
give up on the mathematical inquiry of the right triangle (at least for now). 
 The interview concluded by providing an opportunity for Michelle to ask questions about 
the content on the summary sheet (proof schemes/functions of proof) discussed and given to her 
near the end of the second interview. Michelle had no questions.  
Justifications and Proof Schemes 
The second interview concluded with a presentation of proof schemes (Harel and 
Sowder, 1998; 2007) and functions of proof (Hanna, 2000) summarized on a sheet (see Figure 
B.17) given to Michelle. It was emphasized that „proof‟ in proof schemes did not imply formal 
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mathematical proof, but „proof‟ in functions of proof did imply formal mathematical proof. The 
third interview concluded with Michelle having an opportunity to ask questions regarding the 
items on the summary sheet. 
A few weeks after the third interview, an email was sent to Michelle requesting that she 
identify the proof scheme(s) that best described each justification presented for the three 
geometry statements in the first interview. After receiving her emailed responses, a second email 
was sent requesting that she identify the proof scheme(s) that best described each justification 
presented for the two geometry statements in the second interview. Michelle‟s responses 
(indicated by M) and my responses (indicated by R, the researcher) were summarized (see Table 
4.1). My responses were validated by a third party, a mathematics professor that has experience 
teaching geometry. For the fifteen justifications, Michelle identified twenty-one proof schemes 
and I identified twenty proof schemes; we agreed on eleven identifications. 
Of the ten proof schemes that only Michelle identified, two were authoritarian. The first, 
justification one for statement two (J1-S2), was a deductive proof and Michelle initially had 
confusion about the meaning of the statement. The second, justification one for statement three 
(J1-S3), was Garfield‟s proof of the Pythagorean Theorem; as the proof was presented, Michelle 
seemed to be distracted by not recalling the formula for the area of a trapezoid, a key component 
of the proof. Also, for these two justifications, Michelle only identified authoritarian as a proof 
scheme. 
Michelle identified six proof schemes, four non-referential symbolic and two 
transformational, for justifications where Sketchpad was used. It appeared as if Michelle 
identified non-referential symbolic because of the word „manipulation‟ in its definition. In the 
Sketchpad justifications, triangles were manipulated by dragging a point with the mouse. 
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However, „manipulation‟ in the non-referential symbolic proof scheme means symbolic 
manipulation. 
Two of the three transformational identifications corresponded with the only Sketchpad 
justifications presented in the first interview. Michelle may have confused the manipulation of 
the triangles with transformational geometry, often called motion geometry. The proof scheme 
transformational doesn‟t refer to transformational geometry. For the three Sketchpad 
justifications in the second interview, Michelle did not identify transformational. 
Michelle‟s third transformational identification was a deductive proof; axiomatic was my 
identification. Though the proof was presented in a context with the assumption that the 
Euclidean metric had been introduced, Michelle could have interpreted the proof as simply 
algebraic in nature (i.e., algebra concepts woven into the geometry). 
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Table 4.1: Proof schemes identified by Michelle (M) and the researcher (R). 
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Functions of Proof 
In addition to identifying proof schemes for the justifications presented in the second 
interview, the second email sent to Michelle requested that she, from both the student and 
teacher perspective, identify the function(s) of proof that she values and explain why. Michelle 
responded: 
As a teacher, I value communication. I think it is very important as a teacher that I share 
my mathematical knowledge with my students. Likewise, it is important my students 
communicate their knowledge with me whether on a test, homework, project, or in 
conversation. All of the other functions of proof are useless if they cannot be 
communicated. 
 
Michelle‟s response was incomplete as it was only from the teacher perspective. 
Furthermore, her comments about communication tended to be broader than a function of proof; 
her comments were more about communication in mathematics in general, similar to NCTM‟s 
Principles and Standards for School Mathematics process standard Communication (NCTM, 
2000). 
Case Study Two: Billy 
 Billy was a student in his final year of a secondary mathematics education program at a 
large university located in a large city in the southeastern region of the United States. The 
mathematics required in his program of study was an 'area of concentration' in mathematics. His 
mathematics concentration coursework included a calculus sequence (one variable calculus 
including analytic geometry topics, multi-variable calculus, and ordinary differential equations), 
linear algebra, an advanced geometry course, and a problem solving course for secondary school 
mathematics teachers. Billy indicated that he had taken several engineering mathematics courses 
that would count as elective courses in his program. 
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 Billy began his college studies as an engineering major. However, he could not 
successfully complete the chemistry course requirement in the engineering program. After 
developing a lack of interest in engineering because of the chemistry nonsuccess, he decided to 
change his major to secondary mathematics education.  His decision to major in secondary 
mathematics education was based on his interest in mathematics, previous success in 
mathematics coursework, and enjoyment of interactions with young adults as a mathematics 
tutor. 
The First Interview 
Statement One. 
 Billy was presented the following Euclidean geometry statement (Ulrich, 1987, p. 182): 
The sum of the measures of the angles in a triangle is     . I asked him to read the statement 
aloud and then explain. His explanation follows: 
Adding up the angles of the interior of a triangle, you always get     . A right 
triangle will have a ninety-degree angle and two angles that add to     giving you 
     total. 
 
In Billy‟s second statement, he gave a specific triangle, namely a right triangle. However, 
in his first statement, he was more inclusive by not indicating the kind of triangle. 
After his explanation, I presented the first justification for the statement. The justification 
consisted of cutting out five different triangles from construction paper, cutting off (or tearing 
off) the angles of each triangle, and then arranging the three angles for each triangle so that a 
straight angle is formed (see Figure B.1 and Figure B.2). 
After demonstrating with the first triangle, the dialogue between Billy (B) and me (R) 
was as follows: 
R: What do you see? 
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B: They create a straight line, which is     . It works for all triangles. I have not seen 
this before with a „hands-on‟ manipulative. (Billy „tore off‟ the angles and arranged them 
on the remaining four triangles.) 
 
B: This one appears to not be     , but I know that it is (see Figure 4.14). 
 
R: Is this justification convincing for the statement? 
 
B: It‟s a good showing of triangles being     , but it is certainly not a proof. 
 
R: Certainly not a proof --- why? 
 
B: Visually, human eyes can‟t detect visually one degree or it‟s hard too. I mean visually 
you don‟t know that it‟s not      or     ; but I know it‟s     . 
 
R: Would you use this as an activity in a classroom? 
 
B: It would be good to introduce it. I think a more formal proof is needed for one-
hundred percent certainty that it‟s true. Most students won‟t see a formal proof of this 
[statement one] until college. 
 
 
Figure 4.14: One of Billy's triangles used for justification one of statement one. 
From his comments and tone, Billy found the justification somewhat convincing, but was 
uncomfortable with the inexactness (i.e., lack of accuracy). This inexactness seemed to be the 
reason he gave for it not being a proof. He did not indicate that the justification consisted of only 
five triangles as examples; that is, he did not indicate the lack of generality. 
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A second justification of the statement, using Sketchpad, was presented to Billy. Billy 
had some experience in using Sketchpad, but preferred that I complete the sketch (i.e., the 
constructions, measurements, and calculation using Sketchpad). So, I constructed a triangle, 
measured the angles, and then found the angle measure sum. I then manipulated the triangle by 
dragging each of the vertices; the angle measures and sum were observed as the triangle was 
manipulated. Billy then manipulated the triangle for several minutes. Figure B.3 contains two 
captions of this manipulation. After a few minutes, the following dialogue occurred: 
R: Is this convincing? 
 
B: To some extent, yes, it is, but at the same time … (long pause as he began to 
manipulate the triangle again). 
 
R: (After about a minute) Stop and look at that triangle (a triangle very close to a 
degenerate triangle). These two angles are less than one degree which you said was hard 
for the eye to detect (see Figure 4.15). 
 
B: Yes, and it‟s still hard to see but it [Sketchpad] is detecting it [angle measure]. 
 
R: Do you find this (second justification) more convincing than the first justification? 
 
B: I find it no more convincing. I know that they both are true and students will accept 
the fact that it‟s true with either. 
 
R: Since you‟re referring to students, I‟m assuming you‟re speaking from a teacher 
perspective. 
 
B: Yes, high school students who are not in a class where, ahhh ---, having to come up 
with a formalized proof. 
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Figure 4.15: A caption of Billy's Sketchpad triangle, very close to a degenerate triangle. 
Because of the several minutes that Billy spent manipulating the triangle, I sensed that he 
was more accepting of the second justification until his comment, “I find it no more convincing.” 
I was surprised at his response given the number of examples that he had viewed compared to 
the first justification. But in the previous justification, it was the inexactness that he was 
concerned with, not the five examples. He stated, “… it‟s still hard to see, but it [Sketchpad] is 
detecting it [angle measure].” So, he was observing the exactness of angle measures in 
Sketchpad as he manipulated the triangle. Again, I was surprised that he found it "no more 
convincing." 
The third justification presented to Billy was a deductive proof (two-column) from a 
secondary school geometry textbook. The proof is displayed in Figure B.4. After Billy slowly 
read the deductive proof aloud, the dialogue was as follows: 
B: I would say that this is a more formal proof. 
  
R: Why? 
 
B: It uses parallel lines, so you‟re not tearing off the angles [reference to the first 
justification], and it uses the angles, alternate interior angles to prove it is      because a 
line is      by Euclid‟s postulates. 
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R: Suppose a student inquires about this being one triangle, where the first was five, and 
the second was many triangles? 
 
B: You can do the same thing on any triangle, not just this one. You just need to redraw 
it. 
 
 As Billy read the proof, he did seem to understand the logic of each step. He accepted 
this justification because of the inclusion of other Euclidean geometry definitions, postulates and 
theorems, but he didn‟t indicate that these had been previously developed in the textbook. Also, 
he responded quickly about generality (i.e., applies to all triangles). 
Statement Two. 
 Billy was presented with the following Euclidean geometry statement (Geltner and 
Peterson, 1995, p. 179): If a secant containing the center of a circle is perpendicular to a chord, 
then it bisects the chord. I asked him to read the statement aloud and then explain. After he read 
the statement, the following dialogue occurred: 
B: Now, the difference in a secant and a chord is that a secant always has to go through 
the center and the chord doesn‟t – right? 
 
R: A diameter passes through the center and is also a chord. 
 
B: Okay. So, what‟s a secant line? 
 
R: Think of it this way. A secant line contains a chord. 
 
B: Oh, okay. The chord has endpoints on the circle and the secant line passes through the 
circle. Okay, ummm ---, so, it says if a line passes through a circle through its center 
point, that any chord that it passes through perpendicular to, it would have to bisect that 
point – no, it would have to bisect that chord. 
 
R: Can you show me an example? 
 
B: Yeah (see Figure 4.16). I tried to draw it as best I can. Point   is the center,  
is the intersection,   and   [ ] are the endpoints; the distance    [  ] is the 
same as   . 
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Figure 4.16: Billy's diagram used in his explanation of statement two. 
Given the mathematics coursework that Billy had completed, I was surprised that he was 
unsure about the definitions of the geometric terms, chord and secant, in the statement. However, 
once the terms were defined (informally), he quickly explained the statement and supported it 
with an example (i.e., diagram). 
After his explanation, I presented the first justification for the statement. The justification 
was a deductive proof presented verbally and partially written using a pre-drawn diagram (see 
Figure B.5). At the conclusion of the proof, the following dialogue occurred: 
R: Is this justification convincing? 
 
B: (Without hesitation) Yes, I think that‟s an excellent proof. 
 
R: Define what you mean by excellent proof? 
 
B: It has used the postulates of proving that a triangle is congruent to another using 
distances and angles. Ummm ---, and based on those, Side-Side-Side [SSS] works, Angle-
Side-Angle [ASA] works, Side-Angle-Side [SAS] also works because of the    -degree 
requirement of all triangles. Ummm ---, in this case, because it was a ninety-degree angle, 
we‟re able to use a Side-side-Angle [SsA] which in most triangles you are not able to use; 
because it is ninety [degrees], we know that the other two angles have to be equivalent 
because of the other two sides‟ distances. You were able to prove that the distances we 
were looking for,    and   , were congruent and therefore equivalent in distance. And, 
because they‟re along the same line,   must be there midpoint, therefore, the secant 
bisects the chord   . 
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Billy found the justification convincing based on deductive reasoning (i.e., axiomatics), 
as he attempted to explain; he was exposed to deductive reasoning in his advanced geometry 
course. In my verbal presentation, the Hypotenuse-Leg (HL) theorem was used to prove the 
triangles congruent. (The HL theorem can be thought of as a corollary of the SsA theorem.) In 
Billy‟s explanation, he referenced the SsA theorem, but explained it incorrectly. 
The second justification of the statement presented to Billy involved the folding of a 
paper circle. A paper circle was folded on itself, forming a semicircle, and creased. The creased 
fold line was a diameter of the circle and was contained on a secant line that passes through the 
center of the circle. Next, a point was selected (randomly) on the diameter; the diameter was 
folded on itself at that point and creased to generate a chord perpendicular to the diameter. The 
chord was folded on itself at the intersection of the chord and diameter. With this fold, it was 
observed that the endpoints of the chord coincided implying the diameter bisects the chord (see 
Figure B.6). 
As I demonstrated with a paper circle, Billy observed and then completed the folding for 
two more paper circles of different sizes. Billy had done some „paper-folding‟ activities in his 
high school geometry course. After Billy finished, the following dialogue occurred: 
R: Is this justification convincing? 
 
B: Yes (stated quickly and confidently). I think students would understand this a lot more 
clearly than trying to use the triangle proofs. I know that when I was in high school, I had 
a hard time – I mean, it took me a long time to understand how the triangle proofs all 
related. Ummm ---, and it was a struggle to prove through the triangle proofs other proofs 
similar to this one [the previous justification]. 
 
R: Which of these two justifications would you use in the classroom? 
 
B: I think as an introduction, the manipulative circle that you use the folding on would be 
a much better introduction to the proof. But, if you were trying to focus on formalized 
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proofs, you would use the first example [justification one]. You could use the individual 
circle that was folded as a starting point, and then do the formal proof on that circle. 
 
Billy was convinced with this justification. As he folded the paper circles, he did so 
slowly and very meticulously; then, checked the details of his folding as he quietly reread the 
statement. As with the justifications involving examples for statement one, Billy wasn‟t 
concerned about generality. Also, his comments about his struggles with proofs in high school 
(i.e., his personal experience) might explain his acceptance of justifications based on examples, 
though he did seem to understand formal proof in mathematics. 
The third justification was     analytic examples generated randomly using a 
spreadsheet (see Figure B.7). I explained how the examples in the spreadsheet were constructed. 
As Billy observed the spreadsheet for a couple of minutes, frequently re-calculating (using the 
   key) generating     different examples each time, the following dialogue occurred: 
R: Is this justification convincing? 
 
B: It is (without hesitation). That      hasn‟t changed [i.e., from a simulation of     
trials, the proportion of secant lines passing through the center of a circle perpendicular to 
a randomly generated chord, and passing through the midpoint of the chord]. I think, 
ummm ---, as a high school student I would have struggled to follow a lot of the Excel 
[spreadsheet] just because I didn‟t know it well enough in high school. But, in this setting 
[college], I know that the math you‟ve put into the function for each square [spreadsheet 
cell] where you‟ve used the function for, ummm ---, is certainly correct. And to me, this 
is very convincing. If I had a smaller understanding of how Excel worked, I would 
struggle more with what you had done and therefore would have a harder time 
understanding that this was a proof. 
  
R: Okay. 
 
B: (As he continued to re-calculate) This is an outstanding, ummm ---, I think this is a 
very good proof of it particularly since you can update it an infinite number of times at 
    times each,     different circles each or     different scenarios each. 
 
Billy was fascinated with the spreadsheet‟s capability of generating many examples 
quickly. He found the justification convincing and referred to it as a proof. The quantitative 
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nature of this justification provided accuracy; the lack of accuracy was a concern of Billy‟s in 
previous justifications. 
Statement Three. 
 A third Euclidean geometry statement (Geltner and Peterson, 1995, p. 142) was presented 
to Billy: The square of the length of the hypotenuse of a right triangle equals the sum of the 
squares of the lengths of the legs. He read the statement aloud and then explained. He identified 
the statement as the Pythagorean Theorem and drew a right triangle with appropriate labels for 
the side lengths as he explained (see Figure 4.17). 
 
Figure 4.17: Billy's right triangle for statement three. 
In his explanation, he also demonstrated the statement with a concrete example, an 
isosceles right triangle (see Figure 4.18). 
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Figure 4.18: Billy's concrete example for statement three. 
Billy explained the statement correctly, but struggled initially with finding the 
appropriate terminology: 
The   and   are the, ahhh ---, not the hypotenuse, ahhh ---, the legs;   is the 
hypotenuse. An instance of this could be a                   triangle with   
and   being  ; when you square and add, you get  ; take the square root and   is 
  . 
 
Given Billy‟s previous mathematics experiences as an engineering major, I was not 
surprised that Billy selected a right triangle as a concrete example that was used often in 
trigonometry settings. 
The first justification was a proof based on areas credited to James A. Garfield (1831-
1881), the 20
th
 President of the United States (Geltner and Peterson, 1995, p. 219). I presented 
the proof verbally and partially written to Billy using a pre-drawn diagram (see Figure B.8). As I 
explained, Billy seemed to understand the justification as he provided many of the answers for 
the algebraic computations. After finishing the justification, the following dialogue occurred: 
R: Is this justification convincing? 
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B: It is. I like that one. I have not actually seen this one before. I‟ve seen one where   and 
  are four sides of a square which is where I thought this one was going. You see   as a 
square on the inside. I‟ve seen another modification where the inside square was   
[possibly     or    ]. 
 
R: Yes, this one is similar to those two. How convincing is this one? 
 
B: Ummm (long pause) ---, because of the vertices of all three coming together in the 
trapezoid, what you can tell is you‟ve got one side marked    , you have an unknown 
distance on the other side of the trapezoid which would be the    [   ] because of the 
            right triangle that you‟ve got. But you‟ve also got, ahhh ---, I mean you 
could do this in multiple ways just based on which way you oriented the trapezoid and 
the numbers should and would come out to be         . And I think that being able 
to get the same answer through different orientations of the same shape based on the area 
formulas for the figures is another way of representing the same thing and showing it‟s 
not, oh, I memorized it this way, but you can do it for any orientation of the shape. 
 
Rather than explain why this justification was convincing (or not), Billy seemed more 
concerned about modifications that would create variations of the diagram used in Garfield‟s 
proof. He identified the isosceles right triangle within the trapezoid, but incorrectly computed the 
hypotenuse of it. At that point, he appeared to be confused. I was surprised that he computed that 
side length as it was not needed in the justification. Since Billy indicated that he had seen similar 
area-model Pythagorean Theorem proofs, it appeared as if he understood the justification when I 
presented it. However, he could not reproduce the justification when attempting to explain it as 
he became distracted by extraneous information that he computed (incorrectly) from the 
diagram.  
For the second justification of the statement, Billy was presented a sheet with three non-
similar right triangles (see Figure B.9). He was given a standard ruler (scaled in inches and 
centimeters) and a calculator. He was asked to verify the statement by measuring the side lengths 
of each triangle and then verifying the relationship defined by Pythagoras‟ formula. Billy 
initially measured the first triangle using the inches scale. He computed for several minutes, 
checking and re-checking both his measurements and computations. Assuming that his first two 
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measurements were accurate (the two legs of the right triangle), he computed the actual value of 
the length of the hypotenuse and compared it to his measured value by computing the relative 
error. He paused for a couple of minutes and then began to measure again using the centimeters 
scale. Again, assuming the measurements of the two legs were accurate, he computed the actual 
value of the hypotenuse and compared it to his measured value by computing the relative error. 
He was pleased with his work as he had reduced the error by more than half. 
After Billy completed the task for the other two right triangles, the following dialogue 
ensued: 
B: My ability to determine where it fell between two of the „hash marks‟ created error. 
 
R: Yes, it‟s tough to estimate on such a small scale. How convincing is this justification? 
 
B: I find it convincing. I think that students getting to measure it themselves adds to it. 
But, the accuracy is really hard because of the error and may take away from students‟ 
belief in it. 
 
Billy valued both „hands-on‟ activities and working with quantitative information. As 
with previous justifications of statements one and two, Billy was very concerned about accuracy. 
His relative error computations underscored his previous experiences as an engineering major; 
relative error was very applicable to this task as it validated his improved accuracy resulting 
from changing scales. With this improved accuracy, Billy was more accepting of this 
justification. 
The third justification presented to Billy was a dynamic right triangle constructed in 
Sketchpad; the legs and the hypotenuse were measured and the calculator tool was used to verify 
Pythagoras‟ formula (see Figure B.10). As Billy manipulated the triangle, observing the 
calculations, the following dialogue occurred: 
R: Is this justification convincing? 
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B: Ummm ---, that‟s significantly more accurate and quicker than mine. It‟s also 
dynamic. You just can‟t get fine measurement tools to do it by hand. I think the fact that 
you can do it dynamically would be a lot more convincing to students. Ummm ---, I‟ve 
seen the proof using areas and I‟ve also seen, ummm ---, like breaking down the squares 
from vertices and „what-not‟ of the triangle to show that the areas are the same also by 
similar or congruent triangles. But, I think this is also a pretty convincing method as well 
and I think that students would have a lot more fun with the dynamic, ahhh ---, with the 
ability that Sketchpad offers them to make different shapes or to show sizes. Ummm ---, 
and I think that they would get the understanding that these proofs so many 
mathematicians focus on and love so much aren‟t for the size or what they‟re working 
that one moment, but expand to the entirety. It doesn‟t matter how big or little you make 
the triangle, with Sketchpad‟s dynamic abilities, you can show it always works. 
 
 Billy found the justification convincing. However, though Sketchpad can produce many 
examples very quickly, he did not indicate the lack of generality though he did attempt to address 
it as “expand to the entirety.” He reflected on justifications he had seen in the past. Again, Billy 
seemed to be influenced by the quantitative nature of the justification and the dynamic capability 
of Sketchpad. 
After finishing discussion for the third justification, the following dialogue occurred: 
R: Which justification do you prefer? 
 
B: For a calculus student, the area proof [Garfield‟s proof]. A student in a geometry 
course would have more benefit from the triangles in Sketchpad. 
 
R: Do you have any other comments? 
 
B: I think that all of the justifications are good, ahhh ---, and can reach different students. 
I wish that they‟d had some of this similar technology when I was in school. It would 
have made visualizing it so much easier and the questions would have been limited and 
you could have moved through the class so much faster because you wouldn‟t have to sit 
and go, ahhh ---, could you show me another example „cause I‟m not sure I‟m completely 
convinced of this. 
 
Billy categorized the justifications according to student abilities. He selected Garfield‟s 
proof for the more advanced student because of its generality and abstractness compared to the 
other two justifications. Also, given the content that teachers must cover in today‟s high-stakes 
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testing environment, I sympathize with Billy‟s assumption that the technology provides 
efficiency in content coverage. 
At the conclusion of the interview, I inquired about interviewing his geometry professor. 
Billy could not provide the professor‟s name (i.e., he didn‟t remember it). I then inquired about 
viewing his geometry course syllabus; he indicated that he no longer had it nor the textbook used 
for the course. Thus, I wasn‟t able to interview his professor. 
The Second Interview 
Statement Four. 
Billy was presented the following Euclidean geometry statement (Geltner and Peterson, 
1995, p. 152): In any right triangle, the altitude to the hypotenuse forms two right triangles that 
are similar to each other and to the original triangle. I asked him to read the statement aloud and 
then explain. After reading the statement, the following dialogue occurred: 
B: So what it says is if you drop a hypotenuse [altitude] from the vertex opposite the 
hypotenuse, it creates two right triangles similar to each other and also to the original 
triangle (see Figure 4.19). The right angles are here, and the right angle in the original has 
been divided to match the other two angles in the original triangle. 
 
R: What does similar mean? 
 
B: They don‟t share the same side lengths, but the angles are the same. 
 
R: Are side lengths related in any way when two triangles are similar? 
 
B: Yes, they are proportional. 
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Figure 4.19: Billy's right triangle used in his explanation of statement four. 
Billy understood the statement and even tried to explain why it made sense as he 
described the partitioning of the right angle in the original triangle into angles that corresponded 
to angles in the other two right triangles. He based his understanding of similarity of triangles on 
angles rather than proportionality, though he was aware of proportionality. 
After his explanation, I presented the first justification for the statement. The justification 
was dependent on randomly generated right triangles. The triangles were generated using a 
spreadsheet (see Figure B.11). Vertices   and   were fixed at points       and       , 
respectively. The  -coordinate of vertex   was generated randomly using the spreadsheet‟s 
random function command; the  -coordinate was then calculated such that vertex   was 
contained on the top half of a unit circle. Thus,      was a right triangle. The foot of the 
altitude, point  , was then determined;   had the same  -coordinate as vertex   and   as its  -
coordinate. Appropriate side lengths were computed so that ratios for the three triangles could be 
computed and compared in the spreadsheet. The    function key re-calculated, generating a 
random right triangle with each press of the key. 
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After explaining the details of the spreadsheet, and generating a few right triangles, a 
very inquisitive Billy took control of the computer. He re-calculated and observed at least 40 
times in about a five-minute time span. The following dialogue occurred during the last minute: 
R: Is this convincing? 
 
B: Pretty convincing, yeah. I probably went through maybe 30 or 40 of them, and I don‟t 
think that I saw a single one [right triangle] that was the same. Ummm ---, it‟s pretty 
convincing that it [constant ratios] will always happen. I mean you [can] tell in general 
from the picture that it‟s always true, at least I can from the angles. To see the 
mathematics behind it makes it very, very certain. You don‟t have to account for error in 
drawn triangles because of the precision. You‟ve made it so that it‟s a perfect right 
triangle initially. 
 
Billy appeared to be very convinced of the statement‟s truth by this justification. He was 
a very quantitatively driven person, always concerned with accuracy when measurements were 
involved. He wasn‟t concerned about generality, but indicated the randomness of the 
justification, “… went through maybe 30 or 40 of them, and I don‟t think that I saw a single one 
[right triangle] that was the same.” 
The second justification of the statement, a deductive argument, was presented to Billy 
verbally and partially written using a pre-drawn diagram (see Figure B.12). Billy verbally 
acknowledged understanding each step. The following dialogue occurred after the presentation: 
R: Is this justification convincing? 
 
B: That‟s the proof that I‟m used to. It‟s a proof that I‟ve been shown at least once in 
every geometry class I‟ve had and probably a couple of algebra classes as well. 
 
R: Of the two justifications, which do you prefer? 
 
B: I like the written one that you spoke out loud as a formal proof. But, I really like 
[emphasis added] the spreadsheet, it‟s not stagnant. Students can see multiple versions of 
the same thing. I‟m gonna be real honest, every time that I‟ve seen this, it has been with a 
triangle that‟s approximately a                   right triangle. I do like the 
spreadsheets and the random generations of multiple right triangles. 
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Billy was familiar with the second justification as he indicated that he had seen it several 
times before and appeared to understand each step. (I‟m not sure that I‟ve seen the argument in 
an algebra setting before; but, Billy could have had a combined algebra-geometry course in 
secondary school.) However, though he did like the deductive argument, his preference was 
justification one because of the randomness of the right triangles. He never acknowledged that 
justification one was many examples; thus again, he didn‟t seem concerned about the lack of 
generality. 
Billy was presented a third justification, a dynamic right triangle with the altitude 
constructed to the hypotenuse. Using the computational tools in Sketchpad, appropriate ratios for 
the three right triangles were computed (see Figure B.13). These ratios were observed as the 
right triangle was manipulated. Billy indicated that he had used Sketchpad several times since 
our last interview session in a secondary mathematics methods course. He had a few assignments 
that required the use of Sketchpad as an investigative tool. Also, he indicated that he had 
purchased the software though he had access to it in university computer labs. 
After I explained the justification, Billy began to manipulate the right triangle. After a 
few seconds, he had questions about constructing a dynamic right triangle in Sketchpad. He had 
tried to do this on his own, but struggled with “the right angle remaining a right angle” (his 
words) as the triangle was manipulated. I offered some insights based on compass and 
straightedge constructions, and then returned to the justification. As he manipulated the right 
triangle and observed the ratios, the dialogue was as follows: 
R: Is this justification convincing? 
 
B: Yes (no hesitation). I like this because it shows you the measures of the angles 
instantly. Although if you move it really quickly, it‟s hard to tell. But you can tell that all 
of the angles but the right angles are moving at once. If you could look at all three sets at 
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the same time, they appear to be moving in the same direction [getting larger or smaller] 
and then when you stop, they‟re identical. 
 
R: As a teacher, of the three justifications, which do you prefer? 
 
B: If I was presenting to students, I think I‟d like the Sketchpad. Because once you teach 
students how to use it [Sketchpad] properly, they could create it on their own and I think 
that it would give them more verification. Students can make it perfect and then do an 
infinite number of triangles – that would give a lot more justification for students. 
 
 Again, Billy appeared to be fascinated with the quantitative information and the dynamic 
capability of Sketchpad. He noted the accuracy, “… make it perfect …,” and acknowledged 
viewing many examples. Given Billy‟s accuracy concerns, I was surprised that he indicated “… 
an infinite number of triangles …” could be viewed; I thought that he would recognize the 
limitations of Sketchpad and understand that it was really only a finite number of triangles 
generated. 
Statement Five. 
The fifth Euclidean geometry statement (Posamentier, 2002, p. 107) was presented to 
Billy: For any triangle, the sum of the lengths of the medians is less than the perimeter of the 
triangle. I asked him to read the statement aloud and then explain. Billy drew an acute triangle 
with medians (see Figure 4.20) and explained: 
I‟m intentionally trying not to draw a     triangle [right triangle]. Those tend to be 
special. The median is from a vertex to a midpoint across. It says that the medians added 
together, put end to end, would be shorter than the sides put end to end, ummm ---, added 
together. 
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Figure 4.20: Billy's triangle used in his explanation of statement five. 
Billy understood the statement. However, he began verbally constructing a proof for the 
statement. His argument was valid for his hand-drawn acute triangle, but not all triangles. I then 
began with justification two instead of justification one. Would he see that his argument doesn't 
hold for other triangles? 
After his explanation, I presented justification two for the statement. The justification 
consisted of a dynamic triangle constructed in Sketchpad with midpoints of the sides and 
medians constructed. The lengths of the medians were found using the measure tool and then 
summed using the calculate tool; the perimeter was also found using the tools (see Figure B.15). 
Billy then manipulated the triangle and eventually viewed an acute triangle (a long, narrow acute 
triangle) visually comparing the two sums. He recognized that his earlier argument didn‟t apply 
to this triangle or, later in his investigation, obtuse triangles. As he continued to manipulate the 
triangle, the following dialogue ensued: 
R: Is this justification convincing? 
 
B: It‟s very convincing. Ummm ---, and, although mentally I knew this statement would 
be correct for each, I couldn‟t see it for triangles other than an acute, ummm ---, like the 
one I drew. In proofs you always see acute or right triangles, but I was leaving a 
substantial number out. You can see that the medians are smaller than the sides because 
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they‟re across from a smaller angle (his earlier argument). Mentally, I couldn‟t see it with 
an obtuse triangle. 
 
Billy found this justification convincing. However, he was somewhat disappointed when 
he discovered that his argument wasn‟t valid for all triangles. He almost instantly began thinking 
of deductive proofs for other statements he had seen where an acute triangle (or right triangle) 
represented all triangles. When in a deductive proof is an acute (or right or obtuse) triangle 
sufficient for all triangles? This question seemed to be Billy's dilemma at that moment. 
Next, I presented justification three verbally and partially written to Billy (see Figure 
B.16). It was an argument that made use of a triangle inequality theorem (Musser, Trimpe, and 
Maurer, 2008, p. 546): The sum of the lengths of any two sides of a triangle is greater than the 
length of the third side. (It‟s common for a triangle inequality theorem to include „greater than or 
equal‟ rather than just „greater than.‟ This provision would allow application to degenerate 
triangles.) As I presented the argument, Billy acknowledged understanding each step. After the 
presentation, the dialogue was as follows: 
R: Is this justification convincing? 
 
B: It is. I‟m pretty sure that I‟ve seen that proof before. 
 
R: Of the two justifications, which would you prefer? 
 
B: As a teacher, I‟d probably prefer this one [deductive argument]. I think I‟d use 
Sketchpad to draw this, so that students would see the picture for more than one 
[triangle]. But, I like the way that you proved this one, not dealing with individual 
measurements of side lengths. But, I‟m going to take my picture and I‟m going to create a 
different, ahhh ---, you know, picture based on my original and from that I‟ll use all of 
the different things that we know about that picture, you know, and prove based on that 
this [statement five] will work. And, you can do that for any triangle very easily – make 
parallelograms. 
 
Billy found justification three convincing and preferred using it in a classroom rather than 
Sketchpad. However, he saw value in using Sketchpad to create a dynamic triangle so that 
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students would see that the argument would apply to all triangles. I wasn‟t surprised given his 
oversight of his argument for justification two. On the other hand, it was surprising since he 
appeared to recognize the generality of the argument by stating “… not dealing with individual 
measurements of side lengths,” an issue that he didn‟t acknowledge in previous justifications. 
Finally, justification one was presented to Billy. The justification was dependent on 
randomly generated triangles on a unit circle. The triangles were generated using a spreadsheet 
(see Figure B.). Triangle vertices,  ,  , and  , were generated randomly on a unit circle. The 
midpoints,   ,   , and   , were calculated using the formula feature of the spreadsheet. 
The aforementioned six points, the sides of the triangle, and the medians were plotted. Distances 
for the six segments were then determined using the formula feature, then the lengths of the 
medians were summed and the side lengths of the triangle were summed (i.e., perimeter). These 
two values were compared using a logic function formula in the spreadsheet. If the sum of the 
lengths of the medians was less than the triangle‟s perimeter, then „YES‟ appeared; otherwise, 
„NO‟ appeared. The    function key re-calculated, generating another triangle with each press of 
the key. 
After explaining the details of the spreadsheet and generating and observing several 
triangles, Billy began generating and observing triangles for a few minutes. By my count, he 
observed no less than    triangles. The following dialogue then occurred: 
B: Wow, that‟s only three-hundredths difference; a student wouldn‟t draw that one [in the 
spreadsheet, a triangle with all vertices in Quadrant II; two vertices were very close, „only 
three-hundredths difference‟]. It‟s amazing that in maybe 15 generations that some 
triangles I have seen, but some are not. And, every single one of them has been „YES.‟ 
(As he continues to press the    key) We‟ve seen just about any kind of triangle that you 
could imagine. 
 
R: Is this justification convincing? 
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B: That is an excellent way to show it. I still would prefer the formal proof [justification 
three] using Sketchpad [for the diagram]. But, I think using all three is more creative and 
a way that‟s gonna reach a number of students; „cause I think you‟ll have the advanced 
students, or even the more visual students, who‟ll like the formal proof – based on all of 
these facts we know we can prove. I know a lot of students like me who are very logical 
and visual person, so that‟s what made me see it. And, I‟m a semi-skeptic person about 
visual drawings of something – „cause I‟m like, well, that pixel can only move so much. I 
do like the random because you always get something different and it‟s nothing that you 
set up which tells students hey, we can do this randomly all day long and all day long it‟s 
gonna be a „Yes.‟ At the same time, it gives students a chance to prove it wrong or right. 
Sketchpad allows students who like to measure it to show it. 
 
B: (Short pause) It really depends on the class. For advanced class, the formal proof 
[justification three] and they‟d really like the randomness of the spreadsheet [justification 
one]. For a class not as advanced, Sketchpad [justification two]. 
 
Billy found the justification convincing but still preferred the deductive argument 
(justification three), often referring to it as a „formal proof.‟ However, he was very fascinated 
with the justification. Given Billy‟s preference for quantitative information, I thought that he 
would prefer justification one. 
 The interview concluded with a presentation of proof schemes (Harel and Sowder, 1998; 
2007) and functions of proof (Hanna, 2000) summarized on a sheet (see Figure B.17) given to 
Billy. Also, I explained, provided that he agreed, that I would have a few follow-up emails 
related to proof schemes and functions of proof after the third interview. Billy agreed; then, I 
stated that I would provide an opportunity for questions about any of the items on the summary 
sheet at the end of the third interview. 
In addition, Billy was given a packet containing two tasks to complete before the third 
interview: (1) provide a justification(s) for a given geometry statement; and (2) solve a given 
geometry problem and provide a justification(s) for your answer. I requested that he complete the 
tasks on his own using no outside resources (textbooks, internet searches, etc.); technologies 
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such as Sketchpad, a spreadsheet, and a calculator were not considered outside resources. Billy 
had a two-week time period to complete the tasks.  
The Third Interview  
Task One. 
The geometry statement (Posamentier, 2002, p. 82) given to Billy at the end of the second 
interview for justification was as follows: The sum of the distances from any point in the interior 
of an equilateral triangle to the sides of the triangle is equal to the length of the altitude of the 
triangle. Billy was asked to read the statement aloud, explain the statement, and then provide a 
justification. Billy read the statement aloud. Then, on his laptop computer, he opened a 
Sketchpad diagram that he had constructed (see Figure 4.21). The dialogue below occurred: 
 
Figure 4.21: Billy's Sketchpad diagram for task one. 
B: I used Sketchpad to justify. I made an equilateral triangle and placed a point inside. I 
created perpendiculars to the sides and measured the three distances. I summed them and 
compared to one of the altitude‟s length. 
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R: Okay. 
 
 Billy‟s explanation of the statement wasn‟t as direct as previous explanations of 
statements. It was nested in his description of his Sketchpad justification of the statement. As 
Billy explained, he manipulated the interior point and the sum of the distances to the sides of the 
triangle from that point did equal the length of the altitude. The dialogue continued: 
B: When you came in, I was trying to see why this worked algebraically – trying to come 
up with a more formal proof. 
 
R: And … (Billy interrupted)? 
 
B: I didn‟t come up with anything. So, I‟ll have to go with Sketchpad as my justification. 
 
R: Okay. (A short pause as Billy continued to manipulate the interior point) So, if you‟re 
teaching a geometry class and you had this statement to justify, will you be more apt to 
do so with Sketchpad? 
 
B: Ummm (short pause) ---, as I learn Sketchpad more and more, I mean know the 
functions and construction techniques, it‟s a quick and easy way to demonstrate what you 
want to show students. It‟s easy to describe what you‟re doing with it, „cause these menu 
items are labeled what you‟re doing. Students can understand better what you‟re doing 
„cause your saying it and they‟re hearing and seeing it. It could help them in other classes 
– ummm ---, like the „transform‟ button and transformation definition – the student thinks 
and says “Oh yeah, I know what means.” 
 
R: Okay. 
 
B: I really like Sketchpad, but not necessarily as a way to do formal proofs. Because if 
they go to college, they‟ll need some sort of background in creating formal proofs. But 
this is a great way to visualize before you think about how to write the formal proof. 
Instead of you checking to see if it works for four or five [examples], you can see it for a 
hundred-thousand triangles – clearly, it works. Now, I can say that I want to try to prove 
that it works since I know it works. 
 
Billy justified the statement using Sketchpad, but indicated that it wasn‟t a means for a 
formal proof. He appeared to value Sketchpad as a tool for visualizing geometry and 
investigating many examples very quickly, searching for a counterexample. If a counterexample 
could not be found, then he was inclined to try and develop a proof. I was pleasantly pleased 
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with Billy‟s thoughts; though situated in a Euclidean geometry context, he defined how many 
mathematicians practice mathematics. 
Task Two. 
The second task given to Billy was a geometry problem. The problem, presented as posed 
on a fictitious pirate parchment (Scher, 2003, p. 394), follows: 
 The island where I buried my treasure contains a single palm tree. Find the tree. 
From the palm tree, walk directly to the falcon-shaped rock. Count your paces as you 
walk. Turn a quarter-circle to the right, and walk the same number of paces. When you 
reach the end, put a stick in the ground. 
Return to the palm tree, and walk directly to the owl-shaped rock, again counting 
your paces. Turn a quarter-circle to the left, and walk the same number of paces. Put 
another stick in the ground. 
Connect the sticks with a rope, and dig beneath its midpoint to find the treasure. 
 
If the rocks remain but the palm tree has long since died, can the riches still be 
unearthed? 
 
I asked Billy to read the problem aloud and present his answer with justification. Billy read the 
problem, and then the following dialogue ensued: 
B: The answer is yes, it can be found. I did mine on Sketchpad (Billy opens his 
Sketchpad document on his laptop (see Figure 4.22)). What I discovered is by moving the 
tree around, „cause once it‟s gone – well, you don‟t know where it was, so it was the free 
variable in terms of movement. 
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Figure 4.22: Billy's Sketchpad diagram of the problem situation in task two.  
 In Billy‟s diagram, he mislabeled the rocks as the owl-shaped tree and eagle-shaped tree. 
(On the handout, I had mistakenly referred to the first rock as “Eagle” instead of “Falcon;” 
hence, Billy labeled the first rock “Eagle” instead of “Falcon.” During the interview, the rock 
was referred to as “Eagle” given he had constructed a sketch with labels.) Also, some of the 
objects were not constructed properly. For example, point   (representing a stick) could be 
dragged independent of the point labeled     ; thus, the distances from each to the point labeled 
        were not the same. Nevertheless, these could be adjusted with minimal error in the 
dynamic environment for modeling the problem sufficiently. The dialogue continued: 
R: Okay, I understand. 
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B: By moving, regardless of where I move the tree to, the red triangle which is       
           , or so close to                   that I presume it would be a       
           , doesn‟t move regardless of where I move the tree. 
 
R: Okay. 
 
B: So, I would be able to find the treasure by going from one rock to the other, measuring 
that distance then dividing it by radical   [  ], then walking from the rock that distance 
45 degrees off that line, twice – „cause you don‟t know where the tree was, the treasure is 
above or below the line. 
 
R: Okay, nice solution. When I worked this problem, I didn‟t see the right triangle. 
 
B: How did you work it? 
 
R: I did what you did except I thought about it this way. When you move the tree as you 
did in you sketch, the treasure didn‟t move. It‟s an invariant point, a fixed point. So, 
suppose I arrive on the island and locate the two rocks. Then, I find a third object, say a 
seashell; I pretend the seashell is the original tree. So, I walk to the eagle rock, turn right 
ninety degrees, walk the same distance and place a stick in the ground. Return to the 
seashell and walk to the owl rock, turn left ninety degrees, walk the same distance and 
place the second stick in the ground. Find the midpoint between the two sticks and I then 
I dig at that spot. 
 
B: Ahhh (with enthusiasm) ---, I didn‟t think about it that way. I was trying to find some 
relationship between the three points [eagle-shaped rock, owl-shaped rock, and treasure] 
without a fourth point. 
 
R: And, you did! 
 
B: I was also trying to think about how I could prove it and I thought the fixed points 
[two rocks and treasure] would be easier than with a random point [tree]. 
 
R: Okay, how did you approach a proof? 
 
B: (Quickly responding) With Sketchpad. Because I was able to show that my three 
original points, two rocks and tree, never changed the fact that the triangle was always a 
                  triangle regardless with the treasure being across from the 
hypotenuse. 
 
R: Okay, what if you didn‟t have Sketchpad. Did you think about any other ways of 
justifying your answer? 
 
B: No, I didn‟t think about any other ways. 
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R: That‟s fine. If it‟s okay, I‟d like to show you a way that I thought of using linear 
transformations and get your input. 
 
B: Okay. 
 
After this exchange, I was very surprised that Billy accepted his Sketchpad diagram as a 
proof. Even more surprising was that Billy had done so with inaccurate measurements. In his 
„red‟             triangle in the diagram, the measurements were                  . 
In previous justifications, Billy was very concerned with accuracy when measurements were 
involved. Nevertheless, Billy was very confident in his justification of his answer. 
I then proceeded by presenting my justification, an analytic geometry proof using linear 
transformations, to Billy verbally and partially written (see Figure B.18). As I explained, Billy 
was very engaged often stating results (though sometimes wrong) of the algebraic computations. 
The proof concludes by demonstrating that the coordinates of the treasure are dependent on the 
coordinates of the two rocks, and not the coordinates of the initial point (i.e., the palm tree in the 
original problem). The following dialogue occurred:  
B: Ahhh ---, the treasure point is a function of the two rocks. Wow, I see it. So, if I move 
a rock in my sketch [the Sketchpad sketch], then the treasure does move. 
 
R: Check it. 
 
B: It moves. 
 
R: Is this argument convincing? 
 
B: I couldn‟t think of any other way for the problem other than what I did with the red 
triangle. I did quit on it when I found the answer. I like the method you used and it is 
convincing because you do prove mathematically, ahhh ---, algebraically that these two 
points [the rocks] determine where this third point [the treasure] is gonna be – not where 
the tree is. I would say that though mine supports the answer, this supports it a lot better. 
 
R: Okay, … (Billy interrupts). 
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B: Seeing this way would take me a lot longer to grasp, but then seeing it on Sketchpad 
and moving the tree point – it‟s like oh, I got it, what it means for this point not to be 
dependent on this one. 
 
R: But, you were accepting this point as an invariant point based on your observation 
using Sketchpad? 
 
B: Right – I mean I moved it to the left, right, and up and down on my screen to try and 
make that point move. It didn‟t. 
 
R: Okay, and you‟re right – it didn‟t move. 
Billy understood the justification that I presented and used mathematical language 
informally, “the treasure point is a function of the two rocks,” in his response. He was 
enthusiastic and quick to check his conjecture that the treasure point would move if he moved a 
rock point. He acknowledged that he had quit the problem after finding the answer and justifying 
it with Sketchpad. And, he was able to discern the difference in his justification and my 
justification indicating that my justification proves the answer “mathematically, ahhh ---, 
algebraically.” 
 The interview concluded by providing an opportunity for Billy to ask questions about the 
content on the summary sheet (proof schemes/functions of proof) discussed and given to him 
near the end of the second interview. Billy had no questions.  
Justifications and Proof Schemes 
The second interview concluded with a presentation of proof schemes (Harel and 
Sowder, 1998; 2007) and functions of proof (Hanna, 2000) summarized on a sheet (see Figure 
B.17) given to Billy. It was emphasized that „proof‟ in proof schemes did not imply formal 
mathematical proof, but „proof‟ in functions of proof did imply formal mathematical proof. The 
third interview concluded with Billy having an opportunity to ask questions regarding the items 
on the summary sheet. 
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A few weeks after the third interview, an email was sent to Billy requesting that he 
identify the proof scheme(s) that best described each justification presented for the three 
geometry statements in the first interview. After receiving his emailed responses, a second email 
was sent requesting that he identify the proof scheme(s) that best described each justification 
presented for the two geometry statements in the second interview. Billy‟s responses (indicated 
by B) and my responses (indicated by R, the researcher) were summarized (see Table 4.2). My 
responses were validated by a third party, a mathematics professor that has experience teaching 
geometry. For the fifteen justifications, Billy identified thirty proof schemes and I identified 
twenty proof schemes; we agreed on eight identifications. 
Of the twenty-two proof schemes that only Billy identified, three were authoritarian. For 
each of the three justifications, he also identified a second proof scheme agreeing with my 
identifications. 
Billy‟s most frequent proof scheme identifications were ritual and perceptual, both 
selected nine times; furthermore, when Billy identified ritual, he also identified perceptual. This 
was not surprising as Billy tended to focus more on the visual aspects of a justification. He was 
seldom concerned with generality; thus, visual evidence for a few or many examples was often 
sufficient for Billy.  
Billy also identified non-referential symbolic five times, agreeing with me on one 
identification, justification one for statement three. His other four identifications were the three 
spreadsheet justifications and one Sketchpad justification. All of the spreadsheet justifications 
involved algebraic formulas written in most of the spreadsheet cells. The Sketchpad justification, 
justification three for statement four, required the distance measurements and the calculation of 
ratios (symbolically in Sketchpad, a fraction represented by two measurements) for right 
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triangles. It appears as if Billy identified non-referential symbolic based on the symbols used for 
computations within the two softwares. 
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Table 4.2: Proof schemes identified by Billy (B) and the researcher (R). 
Proof Schemes 
Statements and Justifications                                                                   
(J1-S1 means justification one of statement one.) 
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Functions of Proof 
In addition to identifying proof schemes for the justifications presented in the second 
interview, the second email sent to Billy requested that he, from both the student and teacher 
perspective, identify the function(s) of proof that he values and explain why. Billy responded: 
All functions of proof listed are the most important functions of proof for me. It is 
important that student[s] understand the difference between a true mathematical 
statement and a false one, and be able to explain it to others. It is important that students 
can understand the mathematics that others are discussing with them so that they don‟t 
have to discover everything about mathematics on their own. For every person there are a 
great number of things about mathematics to discover on their own or with help. The 
discovery of this information will help the students better understand that mathematics 
they already know. Without the ability to communicate students can neither describe their 
discoveries nor can they appreciate their peers, or an expert‟s explanation. Everyone 
should try to learn mathematics through exploration, it really makes a great difference in 
how quickly one forgets something. Exploration also leads to a great understanding of the 
mathematics in question. 
 
Billy‟s response was incomplete. He tended to respond as a teacher, but not as a student. 
He commented briefly on the importance of some of the given functions of proof, but didn‟t 
indicate which he valued from either perspective. He did not comment on systematization, 
construction, or incorporation, functions of proof that are broader in scope (i.e., views the proof 
of a mathematical statement as necessary for fitting the statement into a larger mathematical 
armature).  
Case Study Three: Julia 
 Julia is a student in her final year of a middle grades education program at a small, 
private college located in large city in the southeastern region of the United States. The 
mathematics required in her program of study was an emphasis in mathematics, a set of courses 
that would also prepare her to teach a few secondary school mathematics courses (including 
geometry). Her mathematics emphasis coursework included a calculus course, linear algebra, 
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discrete mathematics, a modern geometry course, and statistics. Julia‟s program also included a 
mathematics methods and materials course. 
 Julia entered college with the goal of becoming a mathematics teacher in a middle school 
setting. Her reasons for selecting a career of teaching mathematics in the middle school were: (1) 
her mother, a great influence on Julia, was a middle grades teacher, (2) a desire to help people 
learn and achieve; and (3) the enjoyment of doing mathematics. 
The First Interview 
Statement One. 
 Julia was presented the following Euclidean geometry statement (Ulrich, 1987, p. 182): 
The sum of the measures of the angles in a triangle is     . I asked her to read the statement 
aloud and then explain. Her explanation follows: 
I‟m familiar with this statement. The measure of the three angles in a triangle is 
always equal to     . An equilateral triangle has three sixty-degree angles; so, 
                . 
 
Julia was non-specific about the kind of triangle and indicated without exception by using 
the word always. However, the example she used was a specific kind of triangle, an equilateral 
triangle. 
After her explanation, I presented the first justification for the statement. The justification 
consisted of cutting out five different triangles from construction paper, cutting off (or tearing 
off) the angles of each triangle, and then arranging the three angles for each triangle so that a 
straight angle is formed (see Figure B.1 and Figure B.2). 
After demonstrating with the first triangle, the dialogue between Julia (J) and me (R) was 
as follows: 
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J: I‟ve seen this before. (Julia cut off the angles for each of the other four triangles and 
arranged them as a straight angle. She struggled with getting the angles arranged 
correctly on the first of the four, but had no problems with the remaining three triangles.) 
 
R: Is this justification convincing for the statement? 
 
J: Yes. 
 
R: How convincing? 
 
J: Significantly convincing. 
 
R: Would you use this as an activity in a classroom? 
 
J: Yes. This was an example of what was used in a geometry class I observed. 
 
Julia found the justification convincing. She appeared to be very comfortable, even 
somewhat excited, with the „hands-on‟ activity though she struggled arranging the angles in the 
first triangle. 
A second justification of the statement, using Sketchpad, was presented to Julia. Julia was 
very experienced in using Sketchpad; the geometry textbook used in her geometry course was 
discovery-based often integrating Sketchpad (Reynolds and Fenton, 2006). So, Julia constructed 
a triangle, measured the angles, and then found the angle measure sum. She then manipulated the 
triangle by dragging each of the vertices. The angle measures and sum were observed as the 
triangle was manipulated. 
After exploring with her Sketchpad construction for a couple of minutes, the following 
dialogue occurred: 
R: Is this convincing? 
 
J: Yes. It‟s pretty convincing. My only concern as far as using that [Sketchpad] versus a 
more „hands-on,‟ ahhh ---, is that I‟m afraid, even though I know that this is a good 
software that works, I would be slightly concerned that students would not take this to be 
always accurate. So, actually letting them see that every time they work it with the paper 
[justification one] I think would be more convincing to them than seeing the angles 
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changing and assuming that it is always going to add up. It‟s still pretty convincing and a 
good way to show it. 
 
R: What about a triangle where two angles are less than one degree like the one (pointing 
to Sketchpad) that‟s on the screen now, a very obtuse triangle (see Figure 4.23)? Are 
students going to cut this one out of paper? 
 
 
Figure 4.23: Julia's very obtuse triangle. 
 
J: That‟s true. This is a different way to look at those triangles that are not possible with a 
paper method. 
 
R: Do you find this more convincing than the first justification? 
 
J: I like the „hands-on‟ better, but this is a good tool. Some students work better by seeing 
the „hands-on‟ and doing it; others will prefer this for the reason that you can make very 
obscure triangles and see that it works. 
 
As the dialogue occurred, Julia continued to manipulate the triangle using Sketchpad; she 
appeared to be very intrigued by Sketchpad‟s accuracy of triangles with two angle measures less 
than a degree. And, though she was very comfortable exploring with Sketchpad, she valued the 
„hands-on‟ activity more than the Sketchpad activity. However, after her exploration of what she 
called “obscure triangles,” she acknowledged Sketchpad‟s usefulness though still seemed 
concerned, or maybe fascinated, with the accuracy of Sketchpad. 
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Julia was presented a third justification, a deductive proof (two-column) from a 
secondary school geometry textbook (see Figure B.4). After Julia silently read the deductive 
proof, the dialogue was as follows: 
J: This is very convincing if students already have the prior knowledge – like alternate 
interior angles are congruent and other definitions have been given, then this is, I feel, 
very convincing.  
 
R: Now, you used significantly convincing for the first justification, pretty convincing for 
the second, and now very convincing. Which of the three is greater in terms of what‟s 
most convincing? 
 
J: I would say if students can follow the [two-column deductive] proof, it‟s most 
convincing. 
 
R: Why? 
 
J: Ummm ---, because it shows step by step how they got angles to be equivalent and how 
they show, ahhh ---, it explains why it is whereas the paper, although it shows, ahhh ---, 
demonstrates the fact that it is      straight line, it doesn‟t really explain why it works. 
So, to have an explanation along with seeing the visual with the picture I think makes it 
the most convincing. 
 
R: Let‟s suppose that you did all three in a classroom. How would you respond to a 
student who says you did five triangles here [justification one], you did many here – a lot 
more than five [justification two], but only one here [justification three]? 
 
J: I guess I would use Sketchpad to show that, no matter what, the first step is to draw a 
straight line at the top making the triangle always having alternate interior angles as the 
proof explains no matter what the triangle looks like. You can use Sketchpad to show all 
the triangles and use it to see why the proof always works. I like the Sketchpad tool 
„cause you can offer many different examples in a quick and efficient way as opposed to 
having to draw different examples or cut different examples. So, it is a good tool to use. 
 
As Julia read the proof, she acknowledged understanding the steps by nodding and 
talking quietly to herself. She accepted the deductive proof as justification provided students 
possessed prior geometry knowledge and she indicated that it was the most convincing 
justification. However, she responded quickly about using Sketchpad to demonstrate how the 
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deductive proof applied to all [emphasis added] triangles though Sketchpad could only produce a 
finite number of examples. 
Statement Two. 
 Julia was presented with the following Euclidean geometry statement (Geltner and 
Peterson, 1995, p. 179): If a secant containing the center of a circle is perpendicular to a chord, 
then it bisects the chord. I asked her to read the statement aloud and then explain. After she read 
the statement, the following dialogue occurred: 
J: (After a couple of minutes) Can you clarify secant for me? 
 
R: A secant, often called a secant line, is a line that intersects a circle twice. 
 
J: So, your secant line is intersecting at two points and going through the circle. 
 
R: Yes. 
 
J: Ahhh ---, I‟ve always, I don‟t know, I‟ve always thought of a chord as intersecting at 
two points. Oh, the chord is a segment. Okay. So, ummm ---, the picture (see Figure 4.24) 
is saying if the secant line is going through the center, ahhh ---, contains the center point 
and is perpendicular to a chord, meaning hitting at a ninety-degree angle, then it has to 
cut that chord in half; ahhh ---, two equal parts, ahhh ---, two equal lengths. 
 
R: Okay. 
 
J: This is one I‟ll need to see proofs on, „cause I‟m not familiar with proofs of it. 
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Figure 4.24: Julia's diagram used in her explanation of statement two. 
Julia was unsure about the definition of a secant. When I defined it, she seemed a little 
confused about a chord until she realized that the chord was a segment and the secant, a line. 
Once the terms were clear to her, she quickly explained the statement using a „hand-drawn‟ 
diagram. 
After her explanation, I presented the first justification for the statement. The justification 
was a deductive proof presented verbally and partially written using a pre-drawn diagram (see 
Figure B.5). At the conclusion of the proof, the following dialogue occurred: 
R: Is this justification convincing? 
 
J: Very convincing (without hesitation), especially if you could do this on Sketchpad 
where you can move this point [Point   in the pre-drawn diagram] around to make 
different chords and show that even if you move this point around, you‟re still going to 
be able to make triangles that are congruent. (The initial diagram in the proof was 
constructed on Sketchpad, but printed on paper. Julia has had much experience using 
Sketchpad.) 
 
Julia found the justification convincing. Her comment about using Sketchpad was 
interesting; though Sketchpad could have been easily used to demonstrate the statement, her use 
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of it would have been to demonstrate that the constructions used in the deductive proof could be 
made for any chord perpendicular to a secant passing through the center of any circle. 
A second justification of the statement, involving the folding of a paper circle, was 
presented to Julia. A paper circle was folded on itself (forming a semicircle) and creased. The 
creased fold line was a diameter of the circle and was contained on a secant line that passes 
through the center of the circle. Next, a point was selected (randomly) on the diameter; the 
diameter was folded on itself at that point and creased to generate a chord perpendicular to the 
diameter. The chord was folded on itself at the intersection of the chord and diameter. With this 
fold, it was observed that the endpoints of the chord coincided implying the diameter bisects the 
chord (see Figure B.6). 
As I demonstrated with a paper circle, Julia observed and then completed the folding for 
another paper circle as I explained. Julia then completed the folding again with another paper 
circle, explaining as she folded. After Julia finished investigating with the circles, the following 
dialogue occurred: 
R: Is this justification convincing? 
 
J: Yes, pretty convincing. Ummm ---, I guess my only concern was I wasn‟t aware that 
you could fold it over on itself and it work [generating a perpendicular chord]. So that 
would be my only problem with convincing students, ahhh ---, making sure that it was 
always perpendicular. 
 
R: What if students had a prior knowledge of this folding technique to create 
perpendicular lines? 
 
J: Yeah, if they had that prior knowledge – it‟s definitely easy to see how the secant line 
is formed and how the chord has been bisected. So, as long as you can see how the 
perpendicular is formed, then yes, it‟s convincing. 
 
R: Is it more convincing than the justification one? 
 
J: No, justification one is more convincing. 
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Though Julia found the justification convincing, she was concerned about students‟ prior 
knowledge of folding techniques. As she folded the paper circle, she did so very attentively for 
the fold that generated the perpendicular chord. Her prior knowledge didn‟t include folding paper 
to generate perpendicular lines. 
The third justification was     analytic examples generated randomly using a 
spreadsheet (see Figure B.7). I explained how the examples were constructed using the 
spreadsheet. Julia observed the spreadsheet for several minutes, frequently re-calculating (using 
the    key) generating     different examples each time. As she re-calculated and observed, the 
following dialogue occurred: 
R: Is this justification convincing? 
 
J: Very convincing – I‟d say the most convincing of the three if you have students who 
are advanced enough to understand the process. If they understand how it [spreadsheet] 
works, that‟s the most convincing because you are literally seeing every number and 
seeing that it works every time. 
 
R: Okay. 
 
J: My 8
th
-graders would struggle in understanding the process. (At the time of this 
interview, Julia was student teaching in an accelerated 8
th
-grade mathematics class.) But 
if they could see how it all works and why it works, then seeing that it always is      
would be, I think, the most convincing of the three proofs. This [spreadsheet] is really 
cool. I like it. 
 
Julia found the spreadsheet justification very convincing. She valued the quantitative 
nature of the justification and the capability of producing many examples quickly. She did not 
seem concerned that she had observed only a finite number of examples; however, randomness 
coupled with recalculation (i.e., pressing the    key) might persuade one of generality. Also, 
Julia referred to all three justifications as proofs. 
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Statement Three. 
 The third Euclidean geometry statement (Geltner and Peterson, 1995, p. 142) was 
presented to Julia: The square of the length of the hypotenuse of a right triangle equals the sum 
of the squares of the lengths of the legs. I asked her to read the statement aloud and then explain. 
Julia‟s explanation follows: 
Basically, ahhh ---, this means that the square length of the hypotenuse, which 
means that you take the hypotenuse length and form a square – so all four sides 
with equal length to the hypotenuse, ahhh ---, of the  right triangle. Ummm ---, 
that‟s equal to the sums of the squares that can be built off the two legs of the 
triangle. So (long pause), if you were to name them  ,   , and   , then square   
plus square   equals square   (see Figure 4.25). Also, side   squared plus side   
squared equals side   squared. 
 
 
Figure 4.25: Julia's diagram used in her explanation of statement three. 
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In addition to Julia‟s explanation and diagram, she provided a concrete example, 
choosing a   –   –   right triangle to demonstrate Pythagoras‟ formula. Julia was very confident 
as she explained the statement. 
Justification one was a proof based on areas credited to James A. Garfield (1831-1881), 
the 20
th
 President of the United States (Geltner and Peterson, 1995, p. 219). I presented the proof 
verbally and partially written to Julia using a pre-drawn diagram (see Figure B.8). Afterwards, 
Julia indicated that she was familiar with the justification. The following dialogue occurred: 
R: Is this justification convincing? 
 
J: Yes, it‟s very convincing. I actually did this with my 8th-graders in the advanced 
geometry class. I like that it uses algebra. It provides, ahhh ---, it‟s more concrete for 
students who are used to using algebra more and doesn‟t rely on pictures to show. 
Algebra is something that they can go back to and see that it works. I like algebra 
methods. 
 
R: What about the student who says that it works for this  ,  , and  , but might not for 
other right triangles? 
 
J: It works for all right triangles. You can draw the diagram on Sketchpad and move it to 
show [it works for all]. 
 
Julia found this justification very convincing based on the algebra used and also the 
justification‟s generality. Though she indicated that using the algebra eliminates the dependence 
of visual representations, she was quick to select Sketchpad (because of its dynamic features) to 
demonstrate that the justification works for all. Given her preference for algebra, I was surprised 
that she did not indicate that the use of variables representing the lengths of the sides of the right 
triangle was sufficient for generality (i.e., for all [emphasis added] right triangles). 
For the second justification of the statement, Julia was presented a sheet with three non-
similar right triangles (see Figure B.9). She was given a standard ruler (scaled in inches and 
centimeters) and a calculator. I asked her to verify the statement by measuring the side lengths of 
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each triangle and then verifying the relationship defined by Pythagoras‟ formula. Julia completed 
the task very meticulously, measuring and often re-measuring several times in inches, then 
calculating and re-calculating several times. After several minutes, the following dialogue 
ensued: 
J: I can‟t tell if my measurements are accurate. I‟m not getting the exact same answers, 
but I‟m getting close. This one [the first right triangle] worked out, but the others,  
ahhh ---, I don‟t know, I may be reading it [the ruler] wrong. 
 
R: Do you find this justification convincing? 
 
J: To me, this is not as convincing as probably other methods are (short pause), ahhh ---, 
for proving the Pythagorean Theorem just because there is so much room for 
measurement error. Ummm ---, I think students will have a hard time, I know I was, 
seeing that it‟s always gonna work. A millimeter might throw it [the equality] off. 
 
Julia was a little frustrated, as she measured and re-measured, calculated and re-
calculated, because Pythagoras‟ formula didn‟t work for the second and third right triangles. She 
indicated that measurement error was problematic, thus the justification was not as convincing. I 
believe that she would have been less frustrated had the measurements of the first right triangle 
not worked. She didn‟t indicate that there may have been (and probably was) measurement error 
for the first right triangle. Often error in one measurement is corrected in computations by error 
of a second and/or third measurement. Later, she indicated that if she decided to use this activity 
in a classroom, she would make sure that the side lengths of the right triangles were whole 
number values. 
The third justification presented to Julia was a dynamic right triangle constructed in 
Sketchpad; the legs and the hypotenuse were measured and the calculator tool was used to verify 
Pythagoras‟ formula (see Figure B.10). As Julia manipulated the triangle, observing the 
calculations, the following dialogue occurred: 
R: Do you find this convincing? 
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J: Yes, a lot more convincing. It‟s like the other [justification two], but it takes out the 
human error. It‟s a lot more precise and you can make more triangles with it. 
 
 Though Julia‟s Sketchpad skills were good, I was surprised that she inquired about the 
construction of a dynamic right triangle in Sketchpad. Apparently, she couldn‟t remember how 
she constructed a dynamic right triangle in the past and knew that the justification depended on 
that Sketchpad construction. She found the justification very convincing based on the accuracy 
of the measurements and the number of examples that could quickly be observed. Again, when 
presented with accurate quantitative information, generality wasn‟t a concern for her. 
As the interview concluded, I inquired about interviewing her geometry professor, Dr. 
Robert; Julia indicated that she had no issues with me interviewing him. However, instead of the 
planned three interviews, one interview was scheduled after Julia‟s third interview as Dr. Robert 
had been reassigned administrative duties as the semester began which limited his availability. 
The Second Interview 
Statement Four. 
Julia was presented the following Euclidean geometry statement (Geltner and Peterson, 
1995, p. 152): In any right triangle, the altitude to the hypotenuse forms two right triangles that 
are similar to each other and to the original triangle. I asked her to read the statement aloud and 
then explain. After reading the statement, the following dialogue occurred: 
J: So, gotta right triangle. The altitude to the hypotenuse, ummm ---, it goes to the 
midpoint and is perpendicular. Is that right? 
 
R: Ummm ---, that's half right. 
 
J: Oh, it's only perpendicular. Okay, so, this is saying that the altitude forms two right 
triangles that are similar to each other and the original, meaning that there sides are, 
what's the word I'm looking for, not the same, but proportionate. 
 
 122 
 
Julia seemed to understand the statement. As she explained, she drew a right triangle that 
was almost isosceles and then drew the altitude from the right angle to the hypotenuse (see 
Figure 4.26). I concluded that her drawing of a right triangle, almost isosceles, was why she 
initially stated that the altitude‟s endpoint was the midpoint of the hypotenuse. 
 
Figure 4.26: Julia's right triangle used in her explanation of statement four. 
After her explanation, I presented the first justification for the statement. The justification 
was dependent on randomly generated right triangles. The triangles were generated using a 
spreadsheet (see Figure B.11). Vertices   and   were fixed at points       and       , 
respectively. The  -coordinate of vertex   was generated randomly using the spreadsheet‟s 
random function command; the  -coordinate was then calculated such that vertex   was 
contained on the top half of a unit circle. Thus,      was a right triangle. The foot of the 
altitude, point  , was then determined;   had the same  -coordinate as vertex   and 0 as its  -
coordinate. Appropriate side lengths were computed so that ratios for the three triangles could be 
computed and compared in the spreadsheet. The    function key re-calculated, generating 
another right triangle with each press. 
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After explaining the details of the spreadsheet, and generating a few right triangles, Julia 
pressed the    key several times. As she did so, the following dialogue ensued: 
R: Is this justification convincing? 
 
J: Yes, very convincing (continued generating more examples). 
 
R: Would you use this in the classroom? 
 
J: Yes, I think so. I think anytime you can show that it's completely random and it works 
then, the more examples you can show, the better. I think it's very convincing.  
Ummm ---, the only thing that I can see that might be a problem is why it [point  ] must 
be on the circle. But, that's what makes it work. 
 
Julia seemed to be very convinced by this justification. However, she didn‟t understand 
the need for point   to be on the top half of the unit circle. After more probing, she did 
understand that placing point   on the top half (or bottom half) of the unit circle was necessary 
for generating a right triangle given the endpoints of the hypotenuse were fixed at points       
and       . 
Later, another concern was with other right triangles in the plane. Would the statement be 
true for those right triangles? My hope was that she would understand (or remember) that any 
right triangle in the plane could be mapped to the top half of a unit circle with appropriate 
transformation functions. Thus, a randomly generated right triangle represented a larger set of 
right triangles in the plane (i.e., an equivalence class). After my brief explanation, she indicated 
that she did understand and recalled doing transformations in her college geometry course. 
After Julia better understood why point   was restricted to being on the top half of a unit 
circle, she generated probably fifty or more right triangles looking for an example that wouldn‟t 
work (i.e., the ratios were not equal). As she did this, she stated that this is what students would 
do, look for a counterexample. From her comment, I concluded that she understood that a 
counterexample would disprove a mathematical statement. 
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The second justification of the statement was a deductive argument presented to Julia 
verbally and partially written using a pre-drawn diagram (see Figure B.12). Julia verbally 
acknowledged understanding each step in the argument as I presented it. The following dialogue 
occurred after the presentation: 
R: Is this justification convincing? 
 
J: It is convincing (no hesitation). I don't know if it is as convincing as your first 
argument. The visual of seeing multiple [examples] compared to just this one, though you 
could draw multiple examples. Ahhh ---, using the Excel spreadsheet is a more efficient 
way to show same thing; and, I feel if you did this [deductive argument] alone, it's 
convincing; ahhh ---, you don't really have a way to disprove it. It's not as convincing 
'cause it's just one example. Also, you showed proportions in the first for similar; here, 
you used angles. This is nice if a student is struggling with the idea of proportions. I think 
angles are easier. 
 
Julia appeared to understand the deductive argument. However, she didn‟t understand the 
generality as she compared the deductive argument consisting of only one right triangle to the 
previous justification‟s many right triangles. I was surprised as generality was her concern for 
justifications of previous statements. She did contrast key components of the two justifications, 
proportionality of side lengths in the first and angle congruence in the second. 
The third justification presented to Julia was a dynamic right triangle with the altitude 
constructed to the hypotenuse. Using the computational tools in Sketchpad, appropriate ratios for 
the three right triangles were computed (see Figure B.13). These ratios were observed as the 
right triangle was manipulated.  
After I explained the justification, Julia manipulated the right triangle and indicated that 
she had done things like this several times in her college geometry course. As she manipulated 
the right triangle and observed the ratios, the dialogue was as follows: 
R: Is this justification convincing? 
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J: Yes (again, no hesitation). Ahhh ---, this is very similar to the first one, so it's about the 
same convincing. Except, setting this up is probably easier for students to understand 
compared to the spreadsheet. Also, you could do the angles with this [Sketchpad] easily 
(long pause as she continued to manipulate the right triangle). But, yes this is convincing; 
ummm ---, probably the most convincing 'cause it's easier to understand how it got set up. 
 
R: Do you see a difference in the spreadsheet and Sketchpad? 
 
J: Ahhh ---, I don't really notice a difference. 
 
R: You don't have the    key in Sketchpad, correct? 
 
J: Yes, the randomness. There are no random triangles in Sketchpad. You choose them. 
Random may be better for a more advanced student, but I really like Sketchpad. It's easier 
to set up, easier to understand, and easier to manipulate. 
 
Julia found the justification as convincing as the spreadsheet justification (justification 
one). Though she had many previous experiences using Sketchpad, she was very receptive of the 
spreadsheet justification. After identifying the major difference in the two technology 
justifications, I was interested to know if she found the spreadsheet justification more 
convincing. Apparently, she didn‟t as she indicated her preference for using Sketchpad, “… 
easier to set up, easier to understand, and easier to manipulate.” 
Statement Five. 
A fifth Euclidean geometry statement (Posamentier, 2002, p. 107) was presented to Julia: 
For any triangle, the sum of the lengths of the medians is less than the perimeter of the triangle. I 
asked her to read the statement aloud and then explain. Julia read and explained the statement: 
So, the median goes from a vertex to the opposite side and hits the midpoint. That‟s how 
it is for all three medians. (Julia drew a triangle with medians (see Figure 4.27).) So, 
we‟re saying for any triangle, no matter the shape, the lengths of these three lines is 
gonna be less than the perimeter, ahhh ---, the total length around the triangle. 
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Figure 4.27: Julia's triangle used in her explanation of statement five. 
Julia understood the statement. However, her drawing lacked accuracy; the medians 
should have been concurrent. She remembered, or was reminded of, this fact later as she 
manipulated a triangle using Sketchpad in a justification. 
After her explanation, I presented the first justification for the statement. The justification 
was dependent on randomly generated triangles on a unit circle. The triangles were generated 
using a spreadsheet (see Figure B.14). Triangle vertices,  ,  , and  , were generated randomly 
on a unit circle. The midpoints,   ,   , and   , were calculated using the formula feature of 
the spreadsheet. The aforementioned six points, the sides of the triangle, and the medians were 
plotted. Distances for the six segments were then determined using the formula feature, then the 
lengths of the medians were summed and the side lengths of the triangle were summed (i.e., 
perimeter). These two values were compared using a logic function formula in the spreadsheet. If 
the sum of the lengths of the medians was less than the triangle‟s perimeter, then „YES‟ 
appeared; otherwise, „NO‟ appeared. The    function key re-calculated, generating another 
triangle with each press of the key. 
After explaining the details of the spreadsheet, Julia pressed the    key about thirty times 
observing the details in the spreadsheet. The following dialogue ensued: 
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R: Is this justification convincing? 
 
J: Yes. I don‟t know if it‟s as convincing as others [justifications] will be because you 
can‟t, again, you‟re not, ahhh ---, you can‟t construct every triangle. I mean you could 
probably, if you hit    enough times; but, because of the random factor you might not be 
able to. It would be harder to construct specific triangles to look at; but, I mean, it‟s very 
precise in all of its measurements in showing that yes it is going to give that result every 
time. So, yeah, it‟s pretty convincing I would think. 
 
Julia found the justification convincing, but had concerns about generality and not being 
able to construct specific triangles (as she could do in Sketchpad). The latter seemed to be the 
greater concern for her as she valued explorations of the relationship, the median sum is less than 
the perimeter, with triangles where she controlled what triangles were observed. 
The second justification of the statement consisted of a dynamic triangle constructed in 
Sketchpad with midpoints of the sides and medians constructed. Julia did the Sketchpad 
constructions as I explained the justification. The lengths of the medians were found using the 
measure tool and then summed using the calculate tool; the perimeter was also found using the 
tools (see Figure B.15). After completing the sketch, she manipulated the triangle visually 
comparing the two sums. The following dialogue occurred: 
J: (As she continued to manipulate the triangle) I like Sketchpad more because a student 
can explore and find that triangle that you don‟t find with the spreadsheet because of the 
random. 
 
R: I agree. Is this justification convincing? 
 
J: Yes. The only thing that I liked better about the spreadsheet is how you were able to 
calculate „Yes‟ or „No‟ [the logic function] because it might be, it‟s not hard necessarily, 
but if they‟re really concerned about making specific triangles, it‟s harder to keep track of 
especially when these get close – making sure one [sum] is actually bigger than the other 
[sum], whereas you already had it calculated as „Yes‟ or „No‟ for them to watch. 
 
R: I agree, visually it‟s harder. 
 
J: But, I like the idea of being able to work with many different triangles, ahhh ---, 
manipulate the triangle more than you can with the spreadsheet. 
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Julia was convinced of the statement‟s truth by this justification. Though she found the 
spreadsheet justification convincing and liked the logic function feature, her voice tone indicated 
she was much more at ease with this justification as she liked Sketchpad‟s capability of allowing 
her to control what triangles were viewed. 
The third justification presented verbally and partially written to Julia was an argument 
that made use of a triangle inequality theorem (Musser, Trimpe, and Maurer, 2008, p. 546): The 
sum of the lengths of any two sides of a triangle is greater than the length of the third side. (It‟s 
common for a triangle inequality theorem to include „greater than or equal‟ rather than just 
„greater than.‟ This provision would allow application to degenerate triangles.) Using a pre-
drawn diagram, I presented the argument to Julia (see Figure B.16). As I presented the argument, 
she acknowledged understanding each step. After the presentation, the dialogue was as follows: 
R: Is this justification convincing? 
 
J: Yes (no hesitation), it's convincing. Overall, I think that they're all convincing. But 
what I like about each different one, ahhh ---, the reason that I would probably use not 
just one of these, but multiple, is that it gives different perspectives and I like that this 
incorporates algebra into it. I think most people or most students get algebra before they 
get geometry so they have that foundation and it will be easier for some kids to get this 
explanation even than visualizing. Some people just like crunching the numbers and 
seeing, even if they aren't specific numbers, ahhh ---, seeing how the algebra plays out. 
There are pros and cons to all of them. Obviously, this is one example that would be 
harder to duplicate without having to draw multiple examples to show. But, ahhh ---, it 
may not be as convincing to the visual one who likes to be able to manipulate. But to 
other students who see the algebra and understand the algebra better, this might be a more 
concrete proof. 
 
R: Okay. 
 
J: So, I don't think that there is one that is more convincing than the other. It's just a 
matter of it offers different perspectives for students who don't all see things the same 
way. 
  
R: What about you as a student, which of the three would you find most convincing? 
Order them and tell why? 
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J: I think Sketchpad would be the most convincing for me. Ahhh ---, because it offers the 
most, the ability to manipulate it the most, see a variety of different examples and see that 
the numbers are still working out. Ahhh ---, I'm a visual person, so I like that better. 
Second, I like the algebra argument. Ahhh ---, but I don't know why. I like algebra so I 
guess the use of algebra and seeing step by step why it works. Then, the Excel 
spreadsheet third. I'm just not as comfortable seeing Excel and I'm not as comfortable 
about how it all works – like I get it when you explain it, so it is convincing. But it's not, I 
just have not worked with it near as much, so seeing the algebra that I have worked with 
more is more convincing to me than the spreadsheet. 
 
 Though Julia found justification three convincing, I was surprised that she didn‟t find this 
justification most convincing compared to the other two because of generality. However, given 
that Julia has had much experience with Sketchpad and stated that she is a visual person, it‟s 
understandable that she selected justification two as most convincing. Later when categorizing 
the justifications (via email), she did refer to justification three as a proof and the other two as 
simply justifications. From this, I gathered that it‟s possible for a proof to be less convincing of 
the truth of a mathematical statement than justifications based on empirical evidence.  
The Third Interview  
Task One. 
The geometry statement (Posamentier, 2002, p. 82) given to Julia at the end of the second 
interview for justification was as follows: The sum of the distances from any point in the interior 
of an equilateral triangle to the sides of the triangle is equal to the length of the altitude of the 
triangle. I asked her to read the statement aloud, explain the statement, and then provide her 
justification. Julia read the statement aloud, and then the following dialogue occurred: 
J: This one really stumped me. This is what I did (see Figure 4.28). 
 
R: Okay, … (Julia interrupts). 
 
J: Can I try it on Sketchpad? 
 
R: Yes (as I was reviewing her diagram). 
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Figure 4.28: Julia's diagram for task one. 
From Julia‟s diagram, it appeared as if she understood the statement as the diagram was 
mostly accurate with some appropriate notation and she expressed some of the lengths 
algebraically. However, it was lacking as none of the points were labeled and essential distances 
in the statement such as the distances from the arbitrary point to a side were not expressed 
algebraically. Though she stated that she was “really stumped,” I expected her to pursue a 
justification based on her diagram a bit more in the interview session. Instead, she was anxious to 
use Sketchpad. 
Using Sketchpad, Julia modeled the statement explaining the statement after she had the 
constructed the objects including measured distances and calculated sums (see Figure 4.29). Julia 
manipulated the triangle by changing its size demonstrating that though the two sums changed, 
they were still equal; she also manipulated the interior point demonstrating that the sums 
remained the same regardless of the location of the interior point. 
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Figure 4.29: Julia's Sketchpad construction used for justification of task one. 
The following dialogue ensued: 
R: Do you find this convincing? 
 
J: Yes. I mean I am convinced that the statement is true, ahhh ---, the sum of the three 
lines [segment distances] is the same as the altitude [distance] – yes, it is convincing. 
 
R: How convincing? 
 
J: As a student, it‟s convincing, but I‟m still wondering why; ahhh ---, I wanna know why 
it works. As a teacher, it‟s convincing because it‟s a good visual, ahhh ---, and let‟s them 
test virtually any point in the triangle and see that it works. So, as a teacher, it‟s very 
convincing. 
 
R: Okay. 
 
J: Yeah, as a student it‟s convincing, but I would be more convinced if I saw a formal 
proof. 
  
Though Julia was convinced of the truth of the statement from her Sketchpad 
investigation both as a teacher and a student, she still wanted to know why the statement was 
true. Her use of Sketchpad verified the statement, but didn‟t provide any insights as to why the 
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statement was true. Julia‟s demeanor and voice tone suggested that she was somewhat frustrated 
(or annoyed) and not completely satisfied with her work on task one. 
Task Two. 
The second task given to Julia was a geometry problem. The problem, presented as posed 
on a fictitious pirate parchment (Scher, 2003, p. 394), follows: 
The island where I buried my treasure contains a single palm tree. Find the tree. 
From the palm tree, walk directly to the falcon-shaped rock. Count your paces as you 
walk. Turn a quarter-circle to the right, and walk the same number of paces. When you 
reach the end, put a stick in the ground. 
Return to the palm tree, and walk directly to the owl-shaped rock, again counting 
your paces. Turn a quarter-circle to the left, and walk the same number of paces. Put 
another stick in the ground. 
Connect the sticks with a rope, and dig beneath its midpoint to find the treasure. 
 
If the rocks remain but the palm tree has long since died, can the riches still be 
unearthed? 
 
I asked Julia to read the problem aloud and present her answer with justification. After Julia read 
the problem, the following dialogue occurred: 
J: Okay, basically how I started approaching this was to draw it out so I could kind of get 
a sense in mind of what the problem looked like and so I started with the two rocks, the 
eagle [falcon] and the owl, and so I placed them and then started with a palm tree, 
somewhere over here. I placed the two sticks following the directions, ahhh ---, walking, 
turning 90-degrees and walking the same distance. Then, put your rope down and find the 
middle ground (see Figure 4.30). 
 
R: Okay. 
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Figure 4.30: Julia's diagram for task two. 
J: And so, ahhh ---, I tried several sketches with the tree in different places and the rocks 
in the same location to see if I could get a similar result as here. And, I mean I know my 
sketches weren‟t perfect, but they were giving me approximately the same area 
[location]. So, I‟m figuring the palm tree is not significant; it doesn‟t matter if it has died, 
the treasure can still be found, I guess. 
 
R: Okay, … (Julia continues). 
 
J: For justification, I was looking at the quadrilaterals in my sketches and the right angles 
at the rocks, ahhh ---, it was hard for me, I didn‟t have a computer when I worked on it, 
but wanted to use Sketchpad on it. I can‟t remember, but in one of my sketches I was 
looking at a triangle from the palm tree to the rock and other rock. I didn‟t get anywhere 
„cause the angles change if you move the palm tree. 
 
R: Yeah, I see what you‟re saying and I think you‟re right. Two of the side lengths would 
change, so that would affect the angles. 
 
J: Then I messed with the idea of isosceles right triangles with the stick, rock and palm 
tree. I looked at both of them [isosceles right triangles], but, I don‟t know, I couldn‟t get 
anywhere. 
 
R: Okay. 
 
J: That‟s what I was working with though. 
 Based on her explanation and diagram, Julia had an understanding of the problem. (On 
the handout, I had mistakenly referred to the first rock as “Eagle” instead of “Falcon;” hence, 
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Julia labeled the first rock “Eagle” instead of “Falcon.” During the interview, the rock was 
referred to as “Falcon.”) Also, Julia repeated the problem several times generating multiple 
diagrams with the rocks in a fixed location; from this approach, she concluded that the palm tree 
location was “not significant” and that the treasure could be located. However, she never 
communicated directly how to find the treasure with the absence of the palm tree. 
Since Julia didn‟t have Sketchpad available when she worked on the task, I offered my 
laptop for use. Julia accepted and immediately began constructing a Sketchpad diagram for the 
task (see Figure 4.31). 
 
Figure 4.31: Julia's Sketchpad diagram for task two. 
After completing her diagram and then investigating by using Sketchpad‟s dynamic 
capabilities, the following dialogue ensued:  
J: It looks like it‟s staying. It‟s fixed, so I was right with my conjecture from my drawing. 
 
R: Okay, now how can you justify your conjecture? 
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J: Well, that‟s where I was kind of stuck and Sketchpad obviously shows that it works, 
ahhh ---, this could be my justification. It‟s not what I would normally think of first as a 
justification. When I think of justification I think of more a formal proof I guess. A 
justification is showing how it works or showing that it works, and it does. I don‟t know 
that I understand why. But, ahhh ---, … (long pause as she began manipulating the 
diagram again). 
 
R: Okay. In a classroom, if you gave this problem to students, would you accept the 
dynamic sketch as justification that the treasure can be found? 
 
J: Yes, „cause you can see by moving   [palm tree] to other locations that the treasure 
remains in the same spot. So yes, I would consider that a justification. But, my mind is 
always working on how can I prove it. 
 
Julia was very confident that her conjecture was true after verifying the conjecture, 
formed from her hand-drawn diagrams, with Sketchpad. And, she accepted her investigation 
using Sketchpad as justification for her answer. However, she did so with reservation as the 
justification didn‟t address why; her preference for justification was a “formal proof” (her 
words).  
I then presented a justification, an analytic geometry proof, to Julia verbally and partially 
written (see Figure B.18). During my explanation, Julia was very engaged stating results for all 
of the algebraic computations. The proof concludes by demonstrating that the coordinates of the 
treasure are dependent on the coordinates of the two rocks, and not the coordinates of the initial 
point (i.e., the palm tree in the original problem). The following dialogue occurred: 
R: Is this argument convincing? 
 
J: That‟s convincing (with enthusiasm). The treasure location is depending only on the 
rocks. 
 
R: Why is it convincing? 
 
J: If you understand how you get to this endpoint [result], ahhh ---, I mean if you 
understand matrices, linear transformations, and stuff like that, you understand you used 
variables for all of your points. Ahhh ---, you used       to signify the palm tree, that 
means the palm tree could be anywhere as well as       and       for the two rocks. 
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Then, by doing the math, you can see that       is not needed to find the coordinates of 
the treasure. 
 
R: Okay. 
 
J: So, I think that‟s convincing, I mean – it‟s convincing because using the variables 
makes it possible for any point. 
 
R: Now, as a teacher … (Julia interrupts). 
 
J: As a teacher, if the student knew the math, then this is convincing. I‟m not saying it‟s 
as convincing as the Sketchpad drawing; for middle school students, probably not. I think 
middle schoolers need the visual and would find it [Sketchpad] more convincing. But, for 
students who understand the math here, this is convincing as well. 
 
R: Which is more convincing … (Julia interrupts)? 
 
J: For students who understand the math, this is more convincing than this [Sketchpad]. 
For middle school students, this [Sketchpad] is more convincing than this would be. I 
think the middle schoolers need the visual whereas the upper-level students do not, and 
would not find the visual as convincing. 
 
 Julia was very convinced with the proof. Given her preference for algebra, why [emphasis 
added] the point representing the treasure remained fixed was addressed by the results of the 
computations. However, Julia‟s frame of mind was that she was preparing to teach a secondary 
geometry course to advanced middle grades students and that they would be more accepting of 
the more visual justification, the manipulation of the Sketchpad diagram. 
 The interview concluded by providing an opportunity for Julia to ask questions about the 
content on the summary sheet (proof schemes/functions of proof) discussed and given to her near 
the end of the second interview. There were no questions.  
Justifications and Proof Schemes 
The second interview concluded with a presentation of proof schemes (Harel and 
Sowder, 1998; 2007) and functions of proof (Hanna, 2000) summarized on a sheet (see Figure 
B.17) given to Julia. It was emphasized that „proof‟ in proof schemes did not imply formal 
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mathematical proof, but „proof‟ in functions of proof did imply formal mathematical proof. The 
third interview concluded with Julia having an opportunity to ask questions regarding the items 
on the summary sheet. 
A few weeks after the third interview, an email was sent to Julia requesting that she 
identify the proof scheme(s) that best described each justification presented for the three 
geometry statements in the first interview. After receiving her emailed responses, a second email 
was sent requesting that she identify the proof scheme(s) that best described each justification 
presented for the two geometry statements in the second interview. Julia‟s responses (indicated 
by J) and my responses (indicated by R, the researcher) were summarized (see Table 4.3). My 
responses were validated by a third party, a mathematics professor that has experience teaching 
geometry. For the fifteen justifications, Julia identified twenty-seven proof schemes and I 
identified twenty proof schemes; we agreed on ten identifications. 
Of the seventeen proof schemes that only Julia identified, two were authoritarian. The 
first, justification two for statement one (J2-S1), was a Sketchpad justification that Julia also 
identified as inductive and perceptual. Julia may have viewed the Sketchpad software as the 
authority. However, she didn‟t identify authoritarian for other Sketchpad justifications; thus, it 
wasn‟t clear why she identified authoritarian for this justification. 
The second, justification one for statement two (J1-S2), was a deductive proof presented 
verbally and partially written. Just before this justification was presented, Julia indicated that the 
statement was “… one I‟ll need to see proofs on, „cause I‟m not familiar with proofs of it.” 
Given her comment, it wasn‟t surprising that she identified authoritarian. She also identified 
transformational, a correct choice; however, axiomatic was a better choice as the deductive 
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proof was constructed using Euclidean geometry facts that would have been previously 
established. 
Julia identified non-referential symbolic for seven justifications: three „hands-on‟ 
justifications, three spreadsheet justifications, and a Sketchpad justification. It appeared as if 
Julia made this selection for the „hands-on‟ justifications because of the word „manipulation‟ in 
the non-referential symbolic definition. However, the „manipulation‟ being referred to was 
manipulation of symbols. In the spreadsheet justifications, the formulas in most of the 
spreadsheet cells involved symbolic notation and one could argue that „filling-down‟ a formula 
was symbolic manipulation. 
As for Julia identifying non-referential symbolic for one of the Sketchpad justifications, it 
wasn‟t clear. She could have made the selection based on „manipulation‟ of the right triangle, 
manipulated by dragging a point with the mouse; however, „manipulation‟ in the non-referential 
symbolic proof scheme means symbolic manipulation. Nevertheless, she should have identified 
the other Sketchpad justifications as the software was used similarly for each justification. 
Julia identified perceptual for six of the justifications agreeing with me on two of the 
justifications. Of the remaining four, there was no obvious pattern other than each justification 
had a strong visual component. However, most of the fifteen justifications had a strong visual 
component. 
As for Julia‟s remaining three identifications where there was disagreement, two were 
ritual and one was transformational. The justifications for the two ritual selections were both 
deductive proofs presented during the second interview (corresponding to the second emailing); 
each was presented verbally with a pre-drawn diagram using appropriate notation. Thus, based 
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on visual appearance, one could categorize the two justifications as ritual. Julia also identified 
axiomatic for both justifications which agreed with my selections. 
Julia‟s most surprising identification was transformational for a Sketchpad justification. 
Initially, I assumed that she confused the manipulation of the right triangle with transformational 
geometry (motion geometry). The proof scheme transformational doesn‟t refer to 
transformational geometry. However, she didn‟t identify the other Sketchpad justifications as 
transformational. When the justification was presented to Julia, she did not indicate a concern 
about the justification‟s lack of generality; thus, she may have viewed the justification as a proof. 
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Table 4.3: Proof schemes identified by Julia (J) and the researcher (R). 
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Statements and Justifications                                                                   
(J1-S1 means justification one of statement one.) 
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Functions of Proof 
In addition to identifying proof schemes for the justifications presented in the second 
interview, the second email sent to Julia requested that she, from both the student and teacher 
perspective, identify the function(s) of proof that she values and explain why. Julia identified the 
following functions of proof: incorporation, explanation, systemization, discovery, and 
communication. However, she did not indicate her perspective, student or teacher, nor did she 
explain why. 
Case Study Four: Anna 
 Anna was a student in her final year of a secondary mathematics education program at a 
private college located in large city in the southeastern region of the United States. The program 
also included an additional mathematics certification option in 7
th
 and 8
th
 grades. The 
mathematics required in her program of study included a calculus sequence (one variable 
calculus including analytic geometry topics, multi-variable calculus, and ordinary differential 
equations), discrete mathematics, linear algebra, abstract algebra, a mathematics history course, 
an advanced geometry course (including both Euclidean and non-Euclidean geometry), and a 
statistics course. Anna also completed a secondary mathematics methods course in her program. 
 Anna entered college with the goal of becoming a mathematics teacher. Teaching as a 
profession attracted her because of the work schedule. Her plans were to be a mother someday; 
thus, she wanted a professional work schedule that would parallel a school-aged child‟s 
schedule. Anna also indicated that the breaks (e.g., summer and holidays) and her enjoyment of 
mathematics made the choice to be a teacher an easy choice.  
 142 
 
The First Interview 
Statement One. 
 Anna was presented the following Euclidean geometry statement (Ulrich, 1987, p. 182): 
The sum of the measures of the angles in a triangle is     . I asked her to read the statement 
aloud and then explain. She read the statement and her explanation follows: 
The first thing that I thought of, as a teacher, is how, with a „hands-on‟ activity, to 
show this to a student so that they‟re just not taking my word for it. Ummm ---, so 
that was the first thing that I thought of „cause obviously when they get that, this 
leads to other properties, theorems, and „what-not‟ with the triangles and them 
understanding a             triangle and a             triangle, all of 
those things kind of lean back on this starting point. So, like as a teacher, I 
recognize that it‟s important that they know the statement, but more importantly, 
that they really understand the statement. It needs to become a part of their 
understanding and not just another fact that they have to memorize. 
 
Anna‟s explanation was less about her understanding of the statement and more about 
how she could present the statement to a group of students. She did mention two special 
triangles, naming them by their degree measures, so I assumed that she had an understanding of 
the statement. 
After her explanation, I presented the first justification for the statement. The justification 
consisted of cutting out five different triangles from construction paper, cutting off (or tearing 
off) the angles of each triangle, and then arranging the three angles for each triangle so that a 
straight angle is formed (see Figure B.1 and Figure B.2). 
As I was demonstrating with the first triangle, Anna began discussing the justification. 
The dialogue between Anna (A) and me (R) was as follows: 
A: You cut off the corners and piece them together to make a straight line and they 
already learned that a straight line is     , „cause they had seen that before. (Anna 
quickly demonstrated with the remaining four triangles.) (As she was demonstrating) I 
think that if I did this with students, that I‟d have lots of different sizes of triangles so that 
they wouldn‟t think, „Oh it works for this one, but maybe not this one.‟ 
 
 143 
 
R: Is this justification convincing for the statement? 
 
A: Yes. 
 
R: How convincing? 
 
A: If we did some kind of proof, like I say algebraic because I‟m like an algebra person. 
And, so when I see things being substituted in, when I see one thing following another, to 
me that carries more proof than like a visual „hands-on‟ like this sort of thing. That would 
be more convincing. 
 
Anna found the justification convincing, but did not accept the justification as a proof of 
the statement. She appeared to have an understanding of mathematical proof, and a preference 
for algebra-based mathematical proof. 
A second justification of the statement, using Sketchpad, was presented to Anna. Though 
Anna was experienced in using Sketchpad, she preferred that I complete the sketch. So, I 
constructed a triangle, measured the angles, and then found the angle measure sum. I then 
manipulated the triangle by dragging each of the vertices (see Figure B.3). The angle measures 
and sum were observed as the triangle was manipulated. Anna then manipulated the triangle for 
about a minute. The following dialogue occurred: 
R: Is this convincing? 
 
A: Yes. The angles change, but the sum remains the same. That could be literally any 
triangle and it‟s convincing because the students can move the triangle however they 
want to show that it‟s any triangle. 
 
Anna continued to manipulate the triangle using Sketchpad. Relative to the computer 
screen, she made the triangle big, then little, and of the obtuse, acute, and right varieties. One 
obtuse triangle was almost a degenerate triangle; she commented that the measures of the two 
acute angles in this triangle approached zero [emphasis added]. Her description (i.e., language 
used) was appropriate for her investigations in this dynamic geometry environment. 
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Anna valued the freedom to investigate that Sketchpad offers. As she finished her 
investigations, she indicated that the truth of the statement for a student depended on the 
student‟s desire to investigate examples. 
The third justification presented to Anna was a deductive proof (two-column) in a 
secondary school geometry textbook (see Figure B.4). 
After Anna silently read the deductive proof, the following dialogue ensued: 
A: For me, as a student, this, the proof is more convincing. But, I couldn‟t go into 7th 
grade and show them this [deductive argument] because it would be too much for them. 
This [justification one] would be enough. I also recognize that students learn differently. 
You know every student has different skills, different things that they feel comfortable 
with; so, as a teacher it is my responsibility to make sure that I provide justification so 
that each student can find it convincing. And, whereas I may find it more convincing with 
this proof, there are some students who this [deductive argument] may be too much for 
them, they don‟t dive into it, this [justification one] is more convincing because they can 
see it, touch it, they can feel it. I mean depending on the student‟s previous knowledge 
and depending on their skills and what they‟re comfortable with – a more visual person 
or kinesthetic person then something like this [justification one] may be more convincing 
than this [deductive argument] where there are lots of letters and numbers and they can‟t 
see it and touch it. 
 
R: Now, you referred to this [deductive argument] as a proof. Would you call this 
[justification one] a proof? 
 
A: (After about 30 seconds of thinking,) No. 
 
R: What would you call this? 
 
A: I‟m kind of laughing to myself now, because this [little paper triangle] is an example 
and this [bigger paper triangle] is another example. It‟s just many examples, but it‟s 
specific examples as opposed to, like, a generalization like all encompassing truth. Which 
you know mathematically, „cause it works for one thing doesn‟t mean it works for 
another thing. 
 
R: What would you tell a student who says this [justification one] was for several 
triangles, but this [deductive argument] is for one, the one pictured? 
 
A: Well, ummm ---, this one triangle isn‟t specific in its measurements. So, like we can 
adjust it and it would still be     , but the angle measures would be different. So, this is 
a more general triangle „cause it could be any triangle as opposed to a specific triangle 
with specific side lengths and specific angle measures. 
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R: If you are the student, which of the three is most convincing and why? 
 
A: Ahhh ---, definitely the Geometer(‘s) Sketchpad because you can see that it‟s any 
triangle. What I liked so much about the „cut-up‟ triangles is they could touch it and see 
it. You do lose that with the Geometer[‘s] Sketchpad, there‟s no hand going into the 
computer and touching it and there‟s no seeing it add up to     . But, ummm ---, if you 
trust the Geometer[‘s] Sketchpad, measuring and summing correctly, then you can make 
that triangle whatever you want the triangle to be. All three have pros and cons, 
depending on what type of student you‟re really dealing with and depending on your 
resources. Unfortunately, Geometer[‘s] Sketchpad isn‟t a resource for a lot of teachers 
not to mention a computer where the kids can do that instead of just sitting back and 
watching their teacher do it. So, I mean, you‟ve got to find that balance of demonstration 
versus „hands-on‟, ummm ---, and if you‟re wanting to talk about proof, like a deductive 
proof, then this has its pros too. It‟s a different way of thinking, an important way of 
thinking that has to be taught so that they can see it that way as well. 
 
Anna found the deductive proof very convincing, but had concerns about some students 
understanding that the statement was always true based on the deductive proof. She contrasted 
the deductive proof with justification one, but not justification two, emphasizing the generality of 
the deductive proof. However, responding quickly, she chose Sketchpad as most convincing for 
her as a student, then acknowledged the advantages and disadvantages of the three justifications. 
Statement Two. 
 The following Euclidean geometry statement (Geltner and Peterson, 1995, p. 179) was 
presented to Anna: If a secant containing the center of a circle is perpendicular to a chord, then it 
bisects the chord. I asked her to read the statement aloud and then explain. After she read the 
statement, the following dialogue occurred: 
A: (As she draws a circle, she talks quietly to herself, restating the statement.) It seems 
like I should remember this one, but I don‟t. Secant containing the center, ummm ---, 
chord goes all the way through, right? No, chord doesn‟t go through the center 
necessarily. Okay, so we have some chord and a secant. Ummm ---, a tangent line 
touches, and a secant, twice, so going through the center, that‟s like a diameter – right? 
 
R: Yes. The secant is a line and a diameter is a line segment. 
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A: Oh, okay. So, it‟s saying if it‟s perpendicular to the chord, then it bisects the chord. 
(Anna finishes her diagram (see Figure 4.32).) 
 
 
Figure 4.32: Anna's diagram for statement two. 
Anna appeared to have knowledge of all of the terminology in statement two, but 
struggled with the definition of a secant. Once she understood the definition of a secant, she 
quickly completed a diagram with appropriate geometry notation conveying the details of 
statement two.  
The first justification presented to Anna was a deductive proof presented verbally and 
partially written using a pre-drawn diagram (see Figure B.5). At the conclusion of the proof, the 
following dialogue occurred: 
R: Is this justification convincing? 
 
A: Yes (without hesitation), it‟s a mathematical proof I recognize because I‟ve been 
trained as a mathematician; what is most convincing to me is mathematical proof. 
 
Anna found the justification convincing because of it being, in her words, a 
“mathematical proof.” In Anna‟s geometry course, she was exposed to many deductive proofs 
and often had to construct original proofs. As I presented the deductive proof to her, she seemed 
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to understand all of the steps as she had no questions or comments. It wasn‟t clear to me as to 
what was convincing, the proof itself or the mathematical nature of the proof (or possibly both). 
The second justification of the statement presented to Anna involved the folding of a 
paper circle. A paper circle was folded on itself (forming a semicircle) and creased. The creased 
fold line was a diameter of the circle and was contained on a secant line that passes through the 
center of the circle. Next, a point was selected (randomly) on the diameter; the diameter was 
folded on itself at that point and creased to generate a chord perpendicular to the diameter. The 
chord was folded on itself at the intersection of the chord and diameter. With this fold, it was 
observed that the endpoints of the chord coincided implying the diameter bisects the chord (see 
Figure B.6). 
As I demonstrated with a paper circle, Anna observed carefully and indicated that she had 
done many paper folding activities in her college geometry course. Though two paper circles 
were provided for Anna, she chose to not participate in the folding. After I finished the 
demonstration, the following dialogue occurred: 
R: Is this justification convincing? 
 
A: I understand the folding. But, I don‟t find it very much [convincing]. I know that‟s 
kind of contradictory to what I said with the triangles – like I recognize that, which is 
why I have this funny look on my face. I know it‟s not necessarily rational. Does that 
make sense? – „Cause the triangles were pretty convincing to me with the corners 
[angles]. But for some reason, this feels like (long pause), it doesn‟t feel as convincing. 
 
R: Not as convincing as the triangles? 
 
A: Yeah. I‟m an „ENFJ‟ [Myers-Briggs] and the F-part stands for feeling. So, I base 
decisions sometimes on logic, but a lot of times on how I feel about situation. And, so to 
me, it‟s like of course if you fold it in half and fold that on top of itself it‟s gonna be 
perpendicular and it‟s going to split it in half. But, like there could be another secant, 
another chord; ummm ---, you know it doesn‟t feel as convincing as with the triangles. 
 
R: Okay. 
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A: The trouble that I have, I guess, is not that it would be the same for every circle, but 
not the same for every secant and chord. 
 
Unlike justification one for statement one, Anna wasn‟t convinced with this „hands-on‟ 
justification. Her concern wasn‟t with different circles, suggesting that she had an intuitive 
understanding of similarity, but with other secants and chords of a given circle. 
The third justification was     analytic examples generated randomly using a 
spreadsheet (see Figure B.7). I explained how the examples were constructed in the spreadsheet. 
Anna was very intrigued with the formulas used in the spreadsheet. She observed the spreadsheet 
for a few minutes, often re-calculating. When she finished, the following dialogue ensued: 
R: Is this justification convincing? 
 
A: This is pretty convincing. Oh, the secant can‟t be a random secant, it depends on the 
chord. You could do this like infinitely with the re-calculate, but there could be that one 
you don‟t get. Even so (as she re-calculated again many times), this is really convincing. I 
like this much better than the „hands-on‟ circles, but that [„hands-on‟ circles] makes more 
sense now, ummm ---, the secant can‟t be a random secant. 
 
 Anna was captivated with the algebraic nature of this justification (i.e., formulas in the 
spreadsheet) and the spreadsheet‟s capability of generating many examples quickly. For her, the 
justification was convincing and also enlightening as her concern about secants and chords from 
the previous justification was resolved. However, she indicated that there could be a 
counterexample for the statement that might not be randomly generated; hence, she seems to 
have a strong sense of generality when justifying mathematical statements. This was confirmed 
in the following dialogue: 
R: Of the three justifications, which would you use? 
 
A: The first one, the mathematical proof. As a student, if you told me that [statement two] 
was true, I would believe you. But, now as someone who has spent more time in 
mathematics, I‟ve been trained and taught to ask questions and look for counterexamples, 
ahhh ---, to really only believe those mathematical proofs. Like, if I can‟t prove it, you‟re 
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taught to not take it for granted, so that [justification one] becomes the most convincing 
for me. 
 
R: If you called this [justification one] a mathematical proof, what would you call this 
[justification three]? 
 
A: I would not use the word proof because it‟s just a lot of examples – random examples, 
but it‟s not in general [emphasis added]. You can‟t do examples and prove it. My training 
is you must do in general. 
 
From her comments, it appears as if Anna‟s first steps in proving a mathematical 
statement are to disprove the statement by searching for a counterexample. Later, Anna‟s college 
geometry professor (Dr. Kite) indicated that Sketchpad was used in his course to find 
counterexamples on several occasions. He also indicated that his students often modeled a 
geometry statement using Sketchpad before attempting to construct a mathematical proof. Anna 
understood the generality needed for a mathematical proof. 
Statement Three. 
 The third Euclidean geometry statement (Geltner and Peterson, 1995, p. 142) was 
presented to Anna: The square of the length of the hypotenuse of a right triangle equals the sum 
of the squares of the lengths of the legs. I asked her to read the statement aloud and then explain. 
Anna‟s explanation follows: 
This is just the Pythagorean Theorem. It‟s one of the most well-known theorems 
at least among younger students. It‟s where the distance formula comes from. 
 
Anna did not explain the statement nor did she provide a concrete example. From her 
confident voice tone, I gathered that she definitely understood the statement; apparently, she 
thought her identification of the statement by name and stating an application of the statement 
was an explanation of the statement. 
Justification one was a proof based on areas credited to James A. Garfield (1831-1881), 
the 20
th
 President of the United States (Geltner and Peterson, 1995, p. 219). I presented the proof 
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verbally and partially written to Anna using a pre-drawn diagram (see Figure B.8). Anna 
indicated that she had seen similar justifications of the statement before, but not this one. The 
following dialogue occurred: 
R: Is this convincing? 
 
A: Yes. Ummm ---, this is very convincing, but probably less convincing than exploring 
with Geometry [Geometer’s] Sketchpad. 
 
Anna found this justification convincing, but was quick to indicate what would be more 
convincing – Sketchpad explorations (i.e., viewing many examples). I was very surprised as I 
thought she would find Garfield‟s proof more convincing given the generality of the proof 
coupled with her mathematics experiences in college geometry, a course where her professor, Dr. 
Kite, indicated that students constructed original proofs. 
For the second justification of the statement, Anna was presented a sheet with three non-
similar right triangles (see Figure B.9). She was given a standard ruler (scaled in inches and 
centimeters) and a calculator. I asked her to verify the statement by measuring the side lengths of 
each triangle and then verifying the relationship defined by Pythagoras‟ formula. Anna 
completed the task, measuring in inches then calculating. The dialogue follows: 
A: I‟m approximating, so I know there is some error – maybe a tenth of an inch. 
 
R: Do you find this convincing? 
 
A: I understand the concept, and something like this is going to be taught at a lower level. 
Ummm ---, so I‟d be very certain that all of my measurements are exact like   inches,   
inches, and   inches, so there is like no question about the lengths. Because I mean, the 
error that I made in approximating that length, ummm ---, like takes away the focus of 
what this activity is. The purpose of this activity is not about measuring, but proving that 
statement. Ummm ---, the first justification was more convincing. 
 
Anna quickly indicated that measurement error was an issue, thus the justification was 
not convincing and possibly confusing given the measuring. I noticed that she did not re-measure 
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nor re-calculate a single time while completing the activity. It‟s as if she knew and accepted that 
it wasn‟t going to work before she completed the justification. 
The third justification presented to Anna was a dynamic right triangle constructed in 
Sketchpad; the legs and the hypotenuse were measured and the calculator tool was used to verify 
Pythagoras‟ formula (see Figure B.10). Earlier Anna indicated that this type of justification 
would be more convincing because of Sketchpad‟s dynamic capability, allowing exploration. As 
Anna manipulated the triangle, observing the calculations, the following dialogue occurred: 
R: How convincing is this justification? 
 
A: I think that‟s very convincing. Ummm ---, I feel like this is the most convincing. But, 
in a college class, some students are going to argue that that‟s just thousands of examples. 
But for the majority who don‟t have that proof training, specifically for any middle 
school or high school student, that‟s gonna be twenty-times more justification than a 
written proof. 
 
 Anna had used Sketchpad often in her college geometry course. In a few instances, 
Sketchpad was used to disprove a Euclidean geometry statement. Given such experiences, as I 
indicated in justification one, I was surprised that she found this most convincing. However, 
Anna did indicate that this justification would not be sufficient for some students, specifically 
those with “proof training.” But, for the majority, she believed this justification would be most 
convincing. 
As the interview concluded, I inquired about interviewing her geometry professor, Dr. 
Kite; Anna indicated that she had no issues with me interviewing him. During the course of the 
interviews with Anna, I conducted a very brief interview with Dr. Kite after Anna‟s first 
interview; and after Anna‟s third interview, I conducted a lengthy interview with him. 
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The Second Interview 
Statement Four. 
Anna was presented the following Euclidean geometry statement (Geltner and Peterson, 
1995, p. 152): In any right triangle, the altitude to the hypotenuse forms two right triangles that 
are similar to each other and to the original triangle. I asked her to read the statement aloud and 
then explain. Anna read the statement (almost silently) and then stated: 
The altitude to the hypotenuse, okay, both of those are right angles because it's an 
altitude. For right triangles to be similar (short pause), ahhh ---, any triangles to be 
similar, two angles congruent is all that's needed. I'm trying to remember, is it one side 
and an angle? No, the sides are proportional. I understand it. 
 
Anna understood the statement (see Figure 4.33) and indicated a consequence of 
similarity, proportionality of the sides. 
 
Figure 4.33: Anna's right triangle used in her explanation of statement four. 
After her explanation, I presented the first justification for the statement. The justification 
was dependent on randomly generated right triangles. The triangles were generated using a 
spreadsheet (see Figure B.11). Vertices   and   were fixed at points       and       , 
respectively. The  -coordinate of vertex   was generated randomly using the spreadsheet‟s 
random function command; the  -coordinate was then calculated such that vertex   was 
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contained on the top half of a unit circle. Thus,      was a right triangle. The foot of the 
altitude, point  , was then determined;   had the same  -coordinate as vertex   and 0 as its  -
coordinate. Appropriate side lengths were computed so that ratios for the three triangles could be 
computed and compared in the spreadsheet. The    function key re-calculated, generating 
another right triangle with each press. 
After explaining the details of the spreadsheet, Anna observed the spreadsheet as I 
pressed the    key about twenty times. The following dialogue occurred: 
R: Is this justification convincing? 
 
A: I would say the visual makes it much more convincing. The ratios are changing, but 
they are remaining equal. But, unless you are dealing with an upper level class that has a 
really good understanding of the unit circle, I think Geometer's Sketchpad is more 
convincing. 
 
Anna found this justification convincing. However, she had concerns about students 
understanding why point   needed to be on the top half of the unit circle. As I explained the 
justification, I indicated why it was necessary for point   to be on the top half of the unit circle. 
Maybe she didn‟t equate this with a semicircle and the popular theorem concerning semicircles 
and right angles (as cited in Dunham, 1991, p. 7): “An angle inscribed in a semicircle is a right 
angle.” 
A deductive argument was presented to Anna, verbally and partially written using a pre-
drawn diagram (see Figure B.12), as the second justification of the statement. As I presented the 
argument, Anna acknowledged understanding each step often providing the reason. After the 
presentation, the following dialogue occurred: 
R: Is this justification convincing? 
 
A: Yes, in my shoes, it is. I know what to look for that makes a proof a good proof versus 
not a good proof. As a teacher, it's not as convincing because it's harder to follow and it's 
a lot more time-consuming. 
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Anna understood the deductive argument and identified it as a proof. I was surprised that 
she felt the argument was “not as convincing because it‟s harder to follow.” Upon reflection, 
compared to just viewing examples as evidence of the truth of a statement, a deductive argument 
is probably a little more challenging. It was not surprising that Anna indicated that the deductive 
argument was more time-consuming, given the emphasis placed on preparing students for tests 
that measure school progress. 
Anna was presented a third justification, a dynamic right triangle with the altitude 
constructed to the hypotenuse. Using the computational tools in Sketchpad, appropriate ratios for 
the three right triangles were computed (see Figure B.13). These ratios were observed as the 
right triangle was manipulated. 
After I explained the justification, Anna began to manipulate the right triangle. Then, she 
measured the angles in the three right triangles. As she manipulated the right triangle and 
observed the ratios and the angle measures, the dialogue was as follows: 
R: Is this justification convincing? 
 
A: Yes. But I thought that it would have been easier to just measure the angles for all 
three triangles and line them up together. 
 
R: Yes, that makes perfect sense. Which of the three do you find most convincing? 
 
A: I think it depends on the student. Most will prefer Sketchpad because it's quick. And, 
we're dealing with a generation of students has been born and raised on computers and, 
you know ahhh ---, computer is truth to them. You know, they're gonna believe the 
computer's measuring more than like me taking out my protractor and doing it. But there 
will be some students, advanced, who would want the proof with the transitive property. 
 
R: What about the spreadsheet (spreadsheet file opened again)? 
 
A: I think that the Excel [spreadsheet] could be more convincing than a written proof. 
But, I think that Sketchpad is still the most convincing. Typically when they [students] 
learn about similar triangles, they learn both proportional sides and congruent angles. So, 
I don't think either is more convincing than the other, they've learned them at the same 
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time. You can do both with Sketchpad, whereas here [spreadsheet], you just did the sides 
which is fine. But, I think Sketchpad is more convincing because the right angle is 
constructed rather than being dependent on the unit circle for it. If you're teaching this to 
students who don't have a good understanding of the unit circle, then they're not going to 
understand that right angle. Other than that, ahhh ---, I think they're equally convincing. 
 
The Sketchpad justification was very convincing for Anna. When I designed the 
spreadsheet justification, I did not think about comparing the angles in the right triangles; given 
the analytic nature of the spreadsheet design, computing distances and then proportions was my 
first thought. For Sketchpad, distances and ratios was also my first thought for justifying 
similarity for the right triangles. Anna was very insightful in selecting Sketchpad for justifying 
with angles and ratios. Also, though she didn‟t mention it, I believe efficiency (i.e., not as time-
consuming) may have also been a factor especially since she indicated that the spreadsheet and 
Sketchpad were “equally convincing.” 
Statement Five. 
A fifth Euclidean geometry statement (Posamentier, 2002, p. 107) was presented to 
Anna: For any triangle, the sum of the lengths of the medians is less than the perimeter of the 
triangle. I asked her to read the statement aloud and then explain. Anna quickly drew a diagram 
(see Figure 4.34) and then explained the statement: 
So, all three medians, ummm ---, if you add up this length, that length, and that length, it 
should be less than the sum of all the sides. I can kind of visually see it. It‟s not a 
justification, but it‟s just mental, ummm ---, kind of a mental check. 
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Figure 4.34: Anna's diagram used in her explanation of statement five. 
Anna understood the statement. Also, she began thinking about the truth of the statement 
as she indicated she could “kind of visually see it.” I reflected on this comment when I reviewed 
my notes from the interview by sketching a few triangles by hand and focusing on them visually. 
I concluded that I could “kind of visually see it” also, for some triangles. Nevertheless, I 
considered her comment insightful in that she didn‟t simply accept the statement as truth, but 
began to mentally justify the statement. 
After Anna‟s explanation, I presented the first justification for the statement. The 
justification was dependent on randomly generated triangles on a unit circle. The triangles were 
generated using a spreadsheet (see Figure B.14). Triangle vertices,  ,  , and  , were generated 
randomly on a unit circle. The midpoints,   ,   , and   , were calculated using the formula 
feature of the spreadsheet. The aforementioned six points, the sides of the triangle, and the 
medians were plotted. Distances for the six segments were then determined using the formula 
feature, then the lengths of the medians were summed and the side lengths of the triangle were 
summed (i.e., perimeter). These two values were compared using a logic function formula in the 
spreadsheet. If the sum of the lengths of the medians was less than the triangle‟s perimeter, then 
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„YES‟ appeared; otherwise, „NO‟ appeared. The    function key re-calculated, generating 
another triangle with each press of the key. 
After explaining the details of the spreadsheet, Anna pressed the    key about twenty 
times observing the details in the spreadsheet. The following dialogue ensued: 
R: Is this justification convincing? 
 
A: Yes (with no hesitation as she began pressing    again). The visual is important. 
Understanding that a single triangle is really many triangles would be a stumbling block 
for them. 
 
Anna found the justification convincing and underscored the visual component in the 
spreadsheet as being important. In a previous justification using the spreadsheet, the visual 
component wasn‟t included. Also, Anna‟s last statement was a reference to other triangles in the 
plane. Any triangle in the plane can be mapped, using a dilation and a translation, to the unit 
circle. Thus when viewing a triangle on the unit circle, one is actually viewing a 'family' of 
similar triangles (i.e., an equivalence class). 
The second justification of the statement consisted of a dynamic triangle constructed in 
Sketchpad with midpoints of the sides and medians constructed. The lengths of the medians were 
found using the measure tool and then summed using the calculate tool; the perimeter was also 
found using the tools (see Figure B.15). I explained the justification as I completed the 
constructions, measurements, and calculations using Sketchpad. After completing the Sketchpad 
diagram, Anna manipulated the triangle visually comparing the two sums. The following 
dialogue occurred: 
A: (As Anna was viewing a triangle that was almost degenerate) I like Sketchpad more 
because a student can explore and find that triangle that you don‟t find with the 
spreadsheet because of the random. 
 
R: Students can control their explorations using Sketchpad. Is this justification 
convincing? 
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A: Yes. There are pros and cons with both Sketchpad and the spreadsheet. Sometimes it‟s 
good that it‟s random because it‟s going to evaluate lots of different scenarios that you 
may not have evaluated. But, sometimes you may not have the ability to look at a specific 
one that you want to look at. Thus, Sketchpad would be better. 
 
Anna found the justification convincing. And, she preferred Sketchpad rather than the 
spreadsheet justification because she could control her explorations of triangles. However, she 
did acknowledge that an advantage the spreadsheet had was that it could generate examples that 
one maybe would not have thought to explore. 
The third justification presented verbally and partially written to Anna was an argument 
that made use of a triangle inequality theorem (Musser, Trimpe, and Maurer, 2008, p. 546): The 
sum of the lengths of any two sides of a triangle is greater than the length of the third side. (It‟s 
common for a triangle inequality theorem to include „greater than or equal‟ rather than just 
„greater than.‟ This provision would allow application to degenerate triangles.) I presented the 
argument to Anna using a pre-drawn figure (see Figure B.16). As I presented the argument, she 
acknowledged understanding each step. After the presentation, the dialogue was as follows: 
A: Either I‟ve seen this, or something like this. I think maybe it‟s similar to something we 
did with the 9-point circle in Dr. Kite‟s class. 
 
R: Is this convincing? 
 
A: I totally believe that. Ummm ---, a high school class, possibly. My concern is that if 
they didn‟t follow you, then by the time you got down here [near the end of the 
argument], you would have lost them because they‟re so overwhelmed by what you‟re 
doing up here to get to this. 
 
R: Okay. 
 
A: I‟m not a strong geometry student and I one-hundred percent blame that on my high 
school geometry teacher because like I was bored in the class. It was easy. It was the first 
class that I fell asleep in. I didn‟t enjoy it. I wasn‟t excited by it. And thus, I haven‟t ever 
been excited about it. This has probably affected why I don‟t feel strong in geometry. My 
proof teacher here didn‟t do a very job either. So, I really don‟t like geometry; I really 
don‟t like proof. So, geometric proof is not my thing. And, a proof where you construct 
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something, it‟s like how did you know to do that – like, I never would have thought to do 
that. I can see students saying that same thing. They‟re confused about the constructions 
and get lost with the other stuff. 
 
R: So, you as a student, … (Anna interrupts). 
 
A: I understand it as a student. But as a teacher, I wouldn‟t use this. Students would be 
too confused. 
 
R: As a teacher, which would you prefer? 
 
A: Ummm ---, high school geometry, freshmen and sophomores, ummm ---, this is a 
close race because all of them have pros and cons. But, I‟d probably say Sketchpad first, 
the Excel spreadsheet, then the paper proof. This comes from my training, I like it when 
there is actually a proof statement instead of lots of examples. But, I think a high school 
student would prefer the examples like the spreadsheet or Sketchpad over a proof like 
this. This is what I take as proof „cause this is how I was trained on proof. The majority 
of students would be more happy or justified with the spreadsheet or Sketchpad. I think 
gifted students would appreciate this (paper proof). 
 
 Anna found the justification convincing, but I sensed that she didn‟t feel as if she could 
have constructed a proof for justification of statement five. At that moment, Anna appeared to be 
very frustrated with past proof experiences and had very little self-confidence. However Anna‟s 
professor, Dr. Kite, had complemented her work ethic and ability to develop deductive 
arguments in his advanced geometry course. Upon reflection, I believe that Anna, given her 
testimonial about proof, may have been somewhat intimidated by the thought of teaching a 
course where mathematical proofs are required as justifications. She believed that students would 
prefer approaching justification for statement five from an inductive perspective (e.g., using 
Sketchpad or a spreadsheet). Nevertheless, she credited her training in mathematics for her 
valuing the generality of formal proof.  
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The Third Interview  
Task One. 
The geometry statement (Posamentier, 2002, p. 82) given to Anna at the end of the 
second interview for justification was as follows: The sum of the distances from any point in the 
interior of an equilateral triangle to the sides of the triangle is equal to the length of the altitude 
of the triangle. I asked her to read the statement aloud, explain the statement, and then provide 
her justification. Anna quickly read the statement and then commented: 
I feel good and bad because I didn‟t get as much done on these as I wanted. I gave a 
substantial effort, but (a) I‟m not a strong geometry person, and (b) I‟m not a strong 
„prover.‟ And, I haven‟t done proofs in over a year „cause I‟m out of that element of 
school and out of the geometry element. So, I was kind of able to conceptually visualize 
what was going on, but I wasn‟t able to complete either of them. I feel like both of them 
have to do with circles, that‟s what I‟m feeling. 
  
As Anna was talking, she pulled out a diagram she had drawn for task one (see Figure 
4.35). She read the geometry statement a second time and the following dialogue ensued: 
 
Figure 4.35: Anna's diagram for task one. 
A: I‟ve done this one before I think. But, I just couldn‟t remember how to do it. I‟m just 
not a „prover.‟ But, the big thing I see and I just couldn‟t connect it. I‟m just not that 
creative in proving stuff; it‟s been my frustration in all my math classes where you prove 
stuff. 
 
R: Okay, … (Anna interrupts). 
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A: What I did see and focus on was the             triangles after you drop the 
altitude. Using a triangle, I got      for the altitude. I can visually see why that makes 
sense, but I couldn‟t get anywhere. 
 
R: Okay. Did you think about using Sketchpad? 
 
A: No. 
  
Anna then opened a blank Sketchpad document and began constructing an equilateral 
triangle. As she did this, I reviewed her hand-drawn diagram. I noticed that she had made a 
mistake; if the side length of the equilateral triangle was  , then the length of the altitude should 
have been 
  
 
   instead of     . Also, though she identified an arbitrary interior point and 
had drawn three perpendicular segments to the sides, she did not assign variables to these 
lengths. Later, upon reflection, it occurred to me that the segments from the arbitrary interior 
point to the sides form three      angles. The Fermat point, an interior point in an acute triangle, 
also has three      angles associated with it; these angles are formed by three segments each 
with a vertex of the triangles and the Fermat point as endpoints. One method for locating the 
Fermat point involves constructing circles; this may have prompted Anna‟s earlier comment “… 
have to do with circles, that‟s what I‟m feeling.” 
After Anna completed constructing an equilateral triangle in Sketchpad, she constructed 
an altitude and measured it. Then she selected an arbitrary point in the interior of the triangle and 
constructed three segments from that point to each of the sides. She then measured the lengths of 
the three segments and found the sum of those lengths. The sum was the same as the altitude. 
She then manipulated the arbitrary interior point for about a minute, observing and comparing 
the sum of the lengths of the three segments with the length of the altitude. She stated: 
Okay, yes that‟s true. It works. But I don‟t know why it works. I‟m convinced that it‟s 
true, but I‟m curious as to why. A proof would tell me why it‟s true by explaining the 
relationships that define why it‟s true. 
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As Anna spoke, her voice tone indicated sarcasm but also frustration. Though Anna 
provided a justification for the statement using Sketchpad, she wanted to know why it was true. 
Her comments clearly indicated that though a justification may provide evidence for the truth of 
a statement, a proof provides both evidence and why the statement is true. 
Task Two. 
The second task given to Anna was a geometry problem. The problem, presented as 
posed on a fictitious pirate parchment (Scher, 2003, p. 394), follows: 
 The island where I buried my treasure contains a single palm tree. Find the tree. 
From the palm tree, walk directly to the falcon-shaped rock. Count your paces as you 
walk. Turn a quarter-circle to the right, and walk the same number of paces. When you 
reach the end, put a stick in the ground. 
Return to the palm tree, and walk directly to the owl-shaped rock, again counting 
your paces. Turn a quarter-circle to the left, and walk the same number of paces. Put 
another stick in the ground. 
Connect the sticks with a rope, and dig beneath its midpoint to find the treasure. 
 
If the rocks remain but the palm tree has long since died, can the riches still be 
unearthed? 
 
I asked Anna to read the problem aloud and present her answer with justification. After Anna 
read the problem, the following dialogue occurred: 
A: I drew a diagram to get an idea of what it was talking about (see Figure 4.36).  
Ummm ---, and like recognize what was going on. And we‟re dealing with, if I 
understand it correctly, isosceles right triangles – so we have like             
triangles going on that have to be connected at the palm tree, but you don‟t know where 
that is. Ummm ---, and so the way that I‟m kind of visualizing it, and this is not really a 
justification, just a step towards a justification, it seems like this [pointing at the segment 
defined by the two sticks] is a diameter of the island because if this moves [palm tree] in 
this direction then this moves in that direction [the first stick], but I don‟t know if that‟s 
legit. That‟s what I‟m seeing at this point. 
 
R: Okay. Have you thought about modeling it with Sketchpad? 
 
A: No, but I should have done that. I got here early to work on it and didn‟t think about 
using it. 
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Figure 4.36: Anna's diagram for task two. 
Anna‟s hand-drawn diagram confirmed that she had an understanding of the problem. 
(On the handout, I had mistakenly referred to the first rock as “Eagle” instead of “Falcon;” 
hence, Anna labeled the first rock “Eagle” instead of “Falcon.” During the interview, the rock 
was referred to as “Falcon.”) Also, though her diagram was static, she was thinking dynamically, 
“… if this moves …, then this moves ….” As I was observing her hand-drawn diagram, Anna 
opened a Sketchpad document and constructed the problem situation (see Figure 4.37). 
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Figure 4.37: Anna's Sketchpad diagram for task two. 
The dialogue continued:  
A: Here are my triangles [      and      ]. This is like my [hand-drawn] diagram. 
 
R: Okay. You suggested moving the palm tree earlier. Now, what if you move the palm 
tree? 
 
A: Ahhh ---, the treasure doesn‟t move. It‟s a fixed point. But, I don‟t know why that is 
(as she continued to manipulate the palm tree [point  ]). I recognize that the same 
number of paces is the key. It defines a relationship between          and         . But, I don‟t 
know why. (Short pause) – so the answer to the problem is yes, you can find the treasure. 
I just don‟t know why. 
 
R: Okay. Is your Sketchpad diagram a convincing justification? 
 
A: Yes, I 100% believe it, but I want to know why. It [Sketchpad] doesn‟t show me why. 
And, if I was one of those smart-alecky kids, I wouldn‟t believe it – I‟d want to know 
why. But, doing it on Geometer’s Sketchpad makes me more interested in why. When I 
was doing it here [her hand-drawn diagram], I was getting lost. Why? 
 
Anna found the answer to the problem using Sketchpad. However, though convinced that 
her answer was correct, she wasn‟t satisfied as she wanted to know why the problem situation 
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generated this fixed point, the location of the treasure. Her use of Sketchpad heightened her 
wanting to know why, “… doing it on Geometer’s Sketchpad makes me more interested in why.” 
Anna manipulated point  , the palm tree, for a couple more minutes observing her 
diagram. Afterwards, I presented a justification, an analytic geometry proof using linear 
transformations, to Anna verbally and partially written (see Figure B.18). Anna was engaged in 
the proof often stating results of the algebraic computations. The proof concludes by 
demonstrating that the coordinates of the treasure are dependent on the coordinates of the two 
rocks, and not the coordinates of the initial point (i.e., the palm tree in the original problem). The 
following dialogue ensued: 
R: Is this convincing? 
 
A: That‟s very convincing (enthusiastically). The palm tree‟s coordinates subtract out of 
the coordinates of the treasure. The treasure is dependent on the rocks. That‟s convincing, 
but I think they [Sketchpad and analytic geometry proof] work best together. This 
[analytic geometry proof] would have been over my head had I not used Sketchpad first. 
I‟d be like “What are you talking about?,” “What do you mean?,” it was too abstract. But, 
seeing Sketchpad was too concrete. And so by combining the two, it‟s most convincing. 
 
R: Okay, … (Anna continues). 
 
A: That‟s really cool. But, that [analytic geometry proof] would be difficult for high 
school. 
 
R: Okay. Suppose you did give them this problem and they used Sketchpad as 
justification. As a teacher, would you accept that? 
 
A: It would be hard for me to accept that as a justification just because it‟s been beaten 
into my head that one example of infinite examples is not an appropriate justification. 
But, on that problem, I couldn‟t expect anything other than that. It would be unfair to 
expect anything more, but it would be hard to accept it as a proof or justification. 
 
 Anna had an understanding of the analytic geometry proof. However, she indicated that 
her understanding was predicated on her Sketchpad work and that both justifications, together, 
 166 
 
were most convincing. She acknowledged that the Sketchpad justification was convincing, but 
not a proof as it was simply many examples. 
 The interview concluded by providing an opportunity for Anna to ask questions about the 
content on the summary sheet (proof schemes/functions of proof) discussed and given to her near 
the end of the second interview. Anna had no questions.  
Justifications and Proof Schemes 
The second interview concluded with a presentation of proof schemes (Harel and 
Sowder, 1998; 2007) and functions of proof (Hanna, 2000) summarized on a sheet (see Figure 
B.17) given to Anna. It was emphasized that „proof‟ in proof schemes did not imply formal 
mathematical proof, but „proof‟ in functions of proof did imply formal mathematical proof. The 
third interview concluded with Anna having an opportunity to ask questions regarding the items 
on the summary sheet. 
A few weeks after the third interview, an email was sent to Anna requesting that she 
identify the proof scheme(s) that best described each justification presented for the three 
geometry statements in the first interview. After receiving her emailed responses, a second email 
was sent requesting that she identify the proof scheme(s) that best described each justification 
presented for the two geometry statements in the second interview. Anna‟s responses (indicated 
by A) and my responses (indicated by R, the researcher) were summarized in Table 4.4. My 
responses were validated by a third party, a mathematics professor that has experience teaching 
geometry. For the fifteen justifications, Anna identified fifteen proof schemes, one per 
justification (though the directions indicated that more than one could be identified) and I 
identified twenty proof schemes. We agreed on eleven identifications. 
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Of the four proof schemes that only Anna selected, two were authoritarian and two were 
perceptual. The first, justification one for statement two (J1-S2), was a deductive proof presented 
verbally and partially written. Anna initially struggled with understanding the statement; 
however, she found the justification convincing stating, “It‟s a mathematical proof I recognize 
because I‟ve been trained as a mathematician.” As previously stated, it wasn‟t clear to me as to 
what was convincing, the proof itself or the mathematical nature of the proof (or possibly both). 
Her selection of authoritarian indicated the latter. 
The second, justification one for statement three (J1-S3), was Garfield‟s proof of the 
Pythagorean Theorem. After the proof was presented, Anna indicated that she had seen similar 
proofs of the Pythagorean Theorem. Though she found the proof convincing, she indicated that 
Sketchpad would be more convincing for the Pythagorean Theorem. Neither comment suggested 
her identification of authoritarian. Possibly, she viewed President Garfield or me (the presenter) 
as the authority. 
Anna indicated perceptual for the two justifications where Sketchpad was used in the 
first interview. In the second interview, she indicated inductive for the Sketchpad justifications. I 
indicated inductive for all of the Sketchpad justifications. Both justifications were dependent on 
measurements and calculations done using the Sketchpad software. The visual, the triangle that 
was manipulated, was nothing more than the object being measured. Thus, neither justification 
was based on a visual interpretation (i.e., perceptual). It appears as if Anna indicated perceptual 
because of the word „visual‟ in the perceptual proof scheme definition. Again, Anna correctly 
indicated inductive for the Sketchpad justifications in the second interview. 
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Table 4.4: Proof schemes identified by Anna (A) and the researcher (R). 
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Statements and Justifications                                                                   
(J1-S1 means justification one of statement one.) 
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Functions of Proof 
In addition to identifying proof schemes for the justifications presented in the second 
interview, the second email sent to Anna requested that she, from both the student and teacher 
perspective, identify the function(s) of proof that she values and explain why. Anna did not 
respond to this request. 
Cross-case Analysis 
The four cases were analyzed by aggregating the data in various ways – e.g., justification 
number-statement number, proof scheme-justification number-statement number, or task 
number. From the various aggregations, the following themes were identified: 
 Preservice secondary school mathematics teachers were more accepting of 
software-generated empirical evidence than deductive proof for less familiar 
Euclidean geometry statements. 
 Dynamic geometry software (e.g., The Geometer’s Sketchpad®) often enhanced 
the understanding of a Euclidean geometry statement. 
 Dynamic geometry software (e.g., The Geometer’s Sketchpad®) often reinforced 
the comprehension of a formal proof for a Euclidean geometry statement. 
 
A discussion of each theme follows with supporting data. 
Justifications and Less Familiar Euclidean Geometry Statements 
 Each participant was exposed to the same five Euclidean geometry statements over the 
course of the first two interviews. Of the five statements selected, three were less familiar (i.e., 
not popular) Euclidean geometry statements (statements two, four, and five). As the justifications 
were presented, participants were more accepting of (i.e., preferred) justifications consisting of 
computer-generated empirical evidence for the less familiar Euclidean geometry statements. 
Each justification was awarded points based on participant preferences. For example, if a 
participant preferred justification two, then justification three, and then justification one for a 
statement, the justifications were awarded 3 points, 2 points, and 1 point, respectively. If a 
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participant preferred either justification one or three, but did not prefer justification two for a 
statement at all, then 3 points was awarded to justifications one and three and 0 points was 
awarded to justification two. Figure 4.38 is a summary of participant preferences of justifications 
for the three less familiar Euclidean geometry statements presented during the study. Notice 
Sketchpad or a spreadsheet was the preferred justification for the three statements. 
 
Figure 4.38: Summary of participant preferences of justifications for statement two, four, and 
five. 
Given the mathematics that each participant had completed, I expected a deductive proof 
to be the most preferred justification for each statement. However, as Figure 4.38 implies, that 
was not the case for the less familiar statements.  
For statement two, a justification consisting of a deductive proof was presented to Julia 
prior to a spreadsheet justification. She indicated that the deductive proof was convincing. 
However, Julia‟s comments regarding the spreadsheet justification (which had no visual 
component) revealed her preference: 
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Very convincing – I‟d say the most convincing of the three if you have students who are 
advanced enough to understand the process. If they understand how it [spreadsheet] 
works, that‟s the most convincing because you are literally seeing every number and 
seeing that it works every time. … seeing that it always is      would be, I think, the 
most convincing of the three proofs. 
 
Furthermore, she referred to all three justifications as proofs. (The third justification was a „hand-
on‟ paper-folding justification.) Though Julia often sought generality in a justification, her 
preferences for empirical evidence for these statements underscored the importance she placed 
on fully (or better) understanding the statement.  
For statement five, Michelle‟s comments from a teacher perspective indicated a 
preference for Sketchpad: 
I‟d probably use Sketchpad. I know normally, I‟d pick the third [justification, a deductive 
proof]. I think that drawing the diagram makes it harder. You should probably use both, 
but I like the Sketchpad. I think the students would respond better to it [Sketchpad]. 
 
Her comments suggested that the complexity of the deductive proof might hinder understanding; 
thus, her preference for empirical evidence, generated by Sketchpad, was simply to avoid the 
complexity of the deductive proof, but still provide a justification for the statement. 
Dynamic Geometry Software and Enhancing Understanding 
 Throughout the interviews, participants praised Sketchpad often acknowledging the 
control that Sketchpad affords for investigation and exploration. For example, when the 
Sketchpad justification for statement five was presented to Anna, she stated: 
I like Sketchpad more because a student can explore and find that triangle that you don‟t 
find with the spreadsheet because of the random. 
 
Also, when statement two was presented to Anna, she indicated that she wasn‟t sure if the 
statement was true for all secants and chords. 
For this statement, a Sketchpad justification wasn‟t presented. However, after all 
justifications for the statement were presented and discussed, Anna briefly investigated the 
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statement using Sketchpad. Her epiphany that the secant line depended on the chord, which 
occurred during the discussion of the third justification, was validated by her Sketchpad 
investigation. Sketchpad enhanced Anna‟s understanding of statement two. (GeoGebra, a free 
dynamic software, is an alternative to Sketchpad that has similar features.) 
A similar incident occurred with Billy as he verbally constructed his own justification of 
statement five based on his visual observation of an acute triangle that he had hand-drawn during 
his explanation of the statement. His justification was based on the assumption that the length of 
each side of a triangle was greater than the length of at least one median in the triangle. 
When presented with the Sketchpad justification, he quickly realized that his assumption 
was incorrect. Regarding the justification, Billy stated: 
It‟s [Sketchpad justification] very convincing. Ummm ---, and, although mentally I knew 
this statement would be correct for each, I couldn‟t see it for triangles other than an acute, 
ummm ---, like the one I drew. In proofs you always see acute or right triangles, but I was 
leaving a substantial number out [obtuse triangles]. You can see that the medians are 
smaller than the sides because they‟re across from a smaller angle. Mentally, I couldn‟t 
see it with an obtuse triangle. 
 
Billy‟s understanding of statement two was enhanced by Sketchpad. He disproved his initial 
argument for the truth of the statement. 
Dynamic Geometry Software and Reinforcing Comprehension 
 Four of the fifteen justifications presented in the first two interviews utilized Sketchpad. 
Three of the four participants initially chose Sketchpad as the tool to use for investigation and 
justification for the two tasks in the third interview; and, the fourth participant eventually used 
Sketchpad for the two tasks. 
 For statement two, a deductive proof was presented to Julia as justification for the 
statement. Julia found the deductive proof very convincing, but made a suggestion for improving 
the justification. Julia stated: 
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[Regarding the deductive proof] Very convincing (without hesitation), especially if you 
could do this on Sketchpad where you can move this point around to make different 
chords and show that even if you move this point around, you‟re still going to be able to 
make triangles that are congruent. 
 
Julia‟s statement clearly indicated the use of Sketchpad for reinforcing comprehension of the 
deductive proof. This was more evident later when discussing a deductive proof for statement 
four as Julia indicated that the deductive proof, though convincing, appeared to be for only one 
right triangle, the one used in the proof. She chose Sketchpad as the most convincing 
justification for statement four because of the multiple examples that could be viewed for the 
statement. 
 Billy also used Sketchpad to reinforce comprehension. For task one, he indicated that 
Sketchpad was not formal proof, but “a great way to visualize” before constructing a proof. In 
addition, he stated: 
Instead of you checking to see if it works for four or five [examples], you can see it for a 
hundred-thousand triangles – clearly, it works. Now, I can say that I want to try to prove 
that it works since I know it works. 
 
Billy viewed Sketchpad as a practical tool for geometry; it could be used not only to visualize a 
geometry statement, but to generate an overwhelming amount of empirical evidence for the truth 
of the statement. His use of Sketchpad reinforced comprehension of the statement as he then 
would attempt to construct a formal proof. 
 Anna used Sketchpad model and solve The Pirate Problem (task two) indicating that the 
treasure was at a fixed point and could be found. She stated: 
Yes, I 100% believe it, but I want to know why. It [Sketchpad] doesn‟t show me why. 
And, if I was one of those smart-alecky kids, I wouldn‟t believe it – I‟d want to know 
why. But, doing it on Geometer’s Sketchpad makes me more interested in why. When I 
was doing it here [her hand-drawn diagram], I was getting lost. 
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Clearly, Sketchpad reinforced Anna‟s comprehension of the problem and also made the problem 
solution more intriguing to her. After an analytic geometry proof was presented to Anna, she 
continued: 
That‟s convincing, but I think they [Sketchpad and analytic geometry proof] work best 
together. This [analytic geometry proof] would have been over my head had I not used 
Sketchpad first. I‟d be like “What are you talking about?,” “What do you mean?,” it was 
too abstract. But, seeing Sketchpad was too concrete. And so by combining the two, it‟s 
most convincing. 
 
Again, Sketchpad reinforced comprehension of the analytic geometry proof for Anna. Generality 
was achieved, but understood because of the Sketchpad investigation of the problem. 
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Chapter 5 : CONCLUSIONS 
The purpose of this study was to identify preservice secondary mathematics teachers‟ 
current notions of proof in Euclidean geometry, what I believe to be a starting point for 
improving the teaching and learning of proof. In this chapter, a summary of the study, findings, 
and discussion are presented. The chapter concludes with suggestions for future research related 
to notions of proof in Euclidean geometry. 
Summary of Study 
 Much research has been conducted in the past 25 years related to the teaching and 
learning of proof in Euclidean geometry (e.g., Balacheff (1988), Chazan (1993), de Villiers 
(1997), Knuth (2002), and Stylianides (2007)). However, very little research has been done 
focused on preservice secondary school mathematics teachers‟ current notions of proof in 
Euclidean geometry. Thus, this qualitative study with the aforementioned focus tended to be 
exploratory in nature. 
 The study consisted of four independent case studies where the unit of analysis 
(participant) was a preservice secondary school mathematics teacher. The case studies were 
parallel as each participant was presented with the same Euclidean geometry content. The 
content consisted of six Euclidean geometry statements and a problem. For five of the six 
Euclidean geometry statements, three justifications for each statement were presented for 
discussion. For some of the Sketchpad and spreadsheet justifications, instruction was provided to 
the participants for modeling the Euclidean geometry statements. For the sixth Euclidean 
geometry statement and problem, participants constructed justifications for discussion. Harel and 
Sowder‟s proof schemes (1998; 2007) were presented and used to categorize the justifications. 
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Also, Hanna‟s functions of proof (2000) were presented and used to identify values the 
participants had regarding proof. 
A case record for each case study was constructed from an analysis of data generated 
from three participant interviews and, when possible, secondary participant interviews; the data 
included anecdotal notes from the playback of the recorded participant and secondary participant 
interviews, the review of the interview transcripts, document analyses of both previous geometry 
course documents and any documents generated by participants via assigned Euclidean geometry 
tasks, and participant emails. 
After the four researcher constructed case records were completed, a cross-case analysis 
was conducted using the case records as data to identify themes that traverse the individual cases. 
Findings 
The findings from the analysis of the data presented in the previous chapter were used to 
address the lead research question for each participant as the purpose of this study was to identify 
preservice secondary mathematics teachers‟ current notions of proof in Euclidean geometry. 
These notions were grounded in my interpretations of individual participant experiences of 
justifications in a Euclidean geometry context. The lead research question follows: 
What are preservice secondary school mathematics teachers‟ current notions of proof in 
Euclidean geometry? 
 
Michelle’s Notions 
Throughout the interviews, when presented justifications, Michelle most often sought 
generality as an end. She was quick to indicate a lack of generality for justifications consisting of 
an empirical evidence proof scheme; and, for most justifications consisting of a deductive 
evidence proof scheme, she indicated generality. Generality appeared to be the decisive attribute 
for a justification that Michelle considered to be a mathematical proof. However, she did not 
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always recognize generality as she struggled with understanding the generality of Garfield‟s 
proof of the Pythagorean Theorem (justification one for statement three). 
Michelle found justifications categorized as inductive, an empirical evidence proof 
scheme, very convincing. She often indicated that such justifications, especially Sketchpad 
justifications, would be more convincing for students. Michelle‟s preference for these 
justifications seemed to be for better understanding a Euclidean geometry statement rather than 
the proof of the statement as she often indicated that she would follow an inductive justification 
with a justification consisting of deductive evidence. 
 Also, it was my understanding that Michelle had Sketchpad experiences when she was 
selected for the study. However, her experiences were minimal. After a few experiences with 
Sketchpad in her methods course that occurred between the first and second interviews, she 
became more accepting of Sketchpad justifications, but still acknowledged a lack generality. Her 
acceptance of Sketchpad justifications was even more evident when she completed both tasks in 
the third interview using Sketchpad. She accepted the inductive proof scheme (empirical 
evidence) for both tasks on the basis that she controlled the explorations. 
 For the five statements, three justifications per statement were presented to Michelle. 
When asked to identify the appropriate proof scheme(s) for each justification, she identified 
eleven of twenty appropriate proof scheme(s) (55%). And, when asked to identify function(s) of 
proof that she valued, she identified communication. She declared it most important because the 
other functions of proof were dependent on communication.  
Billy’s Notions 
Though Billy had an appreciation of deductive evidence, often noting generality, he 
seemed to be more convinced of the truth of a statement when presented with empirical 
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evidence, especially inductive justifications that incorporated Sketchpad or a spreadsheet. A 
possible reason for his preference of inductive justifications was past difficulties that he had 
experienced with deductive proofs in secondary school. 
In the inductive justifications, accuracy was an important component of the justification 
for Billy, possibly because of his previous engineering coursework. He seemed fascinated with 
the measurements in Sketchpad and the measurement computations in spreadsheets especially 
after completing a „hands-on‟ justification of the Pythagorean Theorem that required physical 
measurements of the sides of right triangles with a ruler. Billy completed the justification, but 
was annoyed with his inability to verify the Pythagorean Theorem exactly [emphasis added]; he 
attributed the inexactness to measurement error and also computed relative error to somewhat 
defend the measurement error. 
For the Sketchpad justifications, Billy sometimes indicated a lack of generality, but had a 
great appreciation for the visual nature of dynamic justifications as he most often initially relied 
on the perceptual proof scheme (visual interpretations) as convincing evidence. Billy was less 
concerned about generality for the spreadsheet justifications often referring to the randomness as 
the key attribute for the justifications. 
For the five statements, three justifications per statement were presented to Billy. When 
asked to identify the appropriate proof scheme(s) for each justification, he identified eight of 
twenty appropriate proof scheme(s) (40%). And, when asked to identify function(s) of proof that 
he valued, he identified all functions of proof as being important, but emphasized discovery, 
communication, and exploration. 
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Julia’s Notions 
Like Michelle, throughout the interviews when presented justifications, Julia most often 
sought generality as an end. In addition to generality, she consistently indicated that a formal 
proof would explain why the Euclidean geometry statement was true. But, generality, though an 
end, and why the statement was true tended to be secondary concerns as fully understanding the 
statement through explorations was initially Julia‟s focus. 
Julia found inductive justifications for a Euclidean geometry statement very convincing 
provided she fully understood the details of the justifications. These justifications were often 
necessary for Julia to fully understand the statement. She preferred Sketchpad and „hands-on‟ 
justifications as one could control the explorations. But, she did value the spreadsheet 
justifications because the randomness often generated “obscure” (her word) examples that one 
might not consider otherwise. 
„Very convincing‟ for Julia meant that an inductive justification established the truth of a 
Euclidean geometry statement for her. However, she understood that such a justification did not 
accomplish generality or why the statement was true, hence, her need for a formal proof as 
justification. 
For the five statements, three justifications per statement were presented to Julia. When 
asked to identify the appropriate proof scheme(s) for each justification, she identified ten of 
twenty appropriate proof scheme(s) (50%). And, when asked to identify function(s) of proof that 
she valued, she identified incorporation, explanation, systemization, discovery, and 
communication. However, she did not provide an explanation for why she valued these functions 
of proof. 
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Anna’s Notions 
When presented justifications, Anna found deductive evidence most convincing as, like 
Michelle and Julia, she sought generality as an end. Also, she had a desire to know why a 
Euclidean geometry statement was true and indicated that a deductive proof would explain why. 
Furthermore, on several occasions, Anna resisted inductive justifications as truth of a statement 
because of her „mathematical training‟ (her words); she had been trained not to accept examples 
as proof, but noted that an example could be used to disprove a statement. 
Nevertheless, Anna found many of the inductive justifications convincing and indicated 
that the justifications would be sufficient for many students provided they had a “desire to 
investigate” many examples, especially those who were not as mathematically mature. Anna also 
indicated that Sketchpad justifications would probably be more convincing than a deductive 
proof because of students‟ misconceptions (e.g., the proof was for only the triangle in the 
diagram provided). 
 Another consideration for Anna was the efficiency of justifications. She indicated that a 
lengthy deductive proof would not be as efficient as viewing many examples for a Euclidean 
geometry statement using Sketchpad or a spreadsheet. Lack of efficiency for Anna was twofold, 
the lost instructional time and a decline in student engagement because of the length of the 
deductive proof. 
For the five statements, three justifications per statement were presented to Anna. When 
asked to identify the appropriate proof scheme(s) for each justification, she identified eleven of 
twenty appropriate proof scheme(s) (55%). And, when asked to identify function(s) of proof that 
she valued, Anna did not respond. However, based on her interview sessions, it appeared that she 
valued verification and explanation. 
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Implications 
 This qualitative study was limited as data was generated from only four case studies. 
Furthermore, purposeful sampling, specifically, as Patton (2002) indicates, a sample consisting 
of “information-rich” participants was implemented. Such sampling could decrease the 
generalizability of the study. 
The purpose of the study was to identify preservice secondary school mathematics 
teachers‟ current notions of proof in Euclidean geometry, a starting point for improving the 
teaching and learning of proof. Given this purpose was accomplished, what are the implications 
of the results of the study for improving the teaching and learning of proof? 
 After reflecting on the participants‟ current notions of proof in Euclidean geometry, the 
themes from the cross-case analysis, my experiences learning geometry, and my experiences 
teaching a geometry course in a mathematics program required for preservice secondary school 
mathematics teachers, an integration of empirical and deductive evidence for Euclidean geometry 
statements could improve both the teaching and learning of Euclidean geometry. 
This is the major implication for the study and was evident in the themes that emerged in 
the cross-case analysis and, especially, when participants were asked to produce a justification 
for the problem, task two (The Pirate Problem) in the third interview. Empirical evidence (i.e., an 
inductive proof scheme using Sketchpad) was employed for justification of the answer by each 
participant. This evidence provided insights for the analytic geometry proof, the deductive 
evidence (formal proof). The „blending‟ of the two types of evidence increased participants‟ 
understanding of the problem and its answer. 
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A minor implication involves the use of a spreadsheet for the justification of a Euclidean 
geometry statement. In the study, the participants were presented a spreadsheet justification for 
three of the five statements in the first two interviews. Two of the justifications included a visual, 
constructed using the graphing utility in the spreadsheet. The participants found these two 
justifications very convincing and discerned spreadsheet justifications where examples are 
generated randomly from Sketchpad justifications where one controls the examples generated. 
When constructing spreadsheet justifications, I did not make this distinction, yet it is now very 
obvious. 
One participant suggested that students of geometry are often conditioned to investigate 
specific items in geometry often omitting the consideration of other items. That is, students have 
unintentional biases. For example, if a statement was about triangles, then students might 
investigate acute triangles and omit right and obtuse triangles. However, if students were 
persistent with a spreadsheet justification of the same statement about triangles (i.e., pressed the 
   key several times), then „randomness‟ should generate unbiased examples. Thus, a minor 
implication for this study is spreadsheet investigations using the random function generate 
unbiased empirical evidence.  
Another minor implication of this study is regarding efficiency in a mathematics 
classroom. The participants in the study often found both Sketchpad and spreadsheet 
justifications efficient for establishing the truth of a Euclidean geometry statement (i.e., the 
justifications were very convincing), but not absolute truth. Also, such justifications provided a 
better understanding of the statement. 
If instructional goals are focused on learning geometry content void of formal proof, then 
instructional tools such as Sketchpad and a spreadsheet are often very efficient with regard to 
 183 
 
instructional time and student engagement. Also, if instructional goals are focused on learning 
geometry content in a formal proof setting, then these instructional tools can be efficient in 
moving students toward formal proof, as one participant in the study indicated. 
Future Research 
 Proof continues to be an emphasis in Euclidean geometry. To improve the teaching and 
learning of Euclidean geometry, more research should be done regarding notions of proof. After 
reflection on this study and its results, the following are suggestions for future research. 
 Repeat the study with practicing secondary school mathematics teachers. 
 
 Compare and contrast notions of proof in Euclidean geometry between 
elementary, middle-grades, and secondary school mathematics teachers. 
 
 How are proofs constructed and validated in other required mathematics courses 
for preservice secondary school mathematics teachers? 
 
 What are preservice secondary school mathematics teachers‟ notions of proof in 
other required mathematics courses? 
 
 Do preservice secondary school mathematics teachers‟ notions of truth in science 
(i.e., practicing the scientific method) influence their notions of proof in 
mathematics? 
 
As previously stated in Chapter 1 of this study, proof is a very complex entity. It has a 
historical relevance unrivaled in the discipline of mathematics, a discipline with truths (if one 
accepts given assumptions). Bressoud (1999, p. xiii) stated:  
Mathematicians often recognize truth without knowing how to prove it. 
Confirmations come in many forms. Proof is only one of them. But knowing 
something is true is far from understanding why it is true and how it connects to 
the rest of what we know. The search for proof is the first step in the search for 
understanding. 
  
Future research on notions of proof must continue for improving the teaching and learning of 
Euclidean geometry – i.e., the teaching and learning of “the search for understanding.” 
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Appendix A: Consent Forms 
 
 
Figure A.1: Student consent form. 
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Figure A.2: Instructor consent form. 
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Appendix B: Figures 
 
 
Figure B.1: Five triangles used for justification one of statement one. 
 
  
Figure B.2: One of the five triangles with the angles 'cut off' and then arranged along a line. 
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Figure B.3: Two captions of a manipulated triangle with angles measured and summed 
constructed using Sketchpad for justification two of statement one. 
 
mBAC+mABC+mACB = 180.00
mACB = 41.68
mABC = 13.94
mBAC = 124.39
A B
C
mBAC+mABC+mACB = 180.00
mACB = 47.96
mABC = 50.14
mBAC = 81.90
A
B
C
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Figure B.4: A deductive proof of statement one from Ulrich’s geometry textbook (1987, p. 182). 
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Figure B.5: Justification one for statement two. 
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Figure B.6: A circle used in justification two of statement two marked with dashed lines 
indicating where the creases were from the folding. 
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Figure B.7: Caption of the spreadsheet that generated 100 analytic examples used in justification 
three of statement two. 
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Figure B.8: Justification one of statement three, Garfield’s proof. 
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Figure B.9: Three non-similar right triangles used in justification two of statement three. 
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Figure B.10: Caption of a right triangle constructed using Sketchpad for justification three of 
statement three. 
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Figure B.11: Caption of a spreadsheet used for justification one of statement four. 
 202 
 
 
Figure B.12: A deductive proof presented verbally and partially written as justification two of 
statement four. 
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Figure B.13: Caption of a right triangle constructed in Sketchpad used in justification three of 
statement four. 
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Figure B.14: Caption of a spreadsheet with a randomly generated triangle, measurements, and 
calculations used for justification one of statement five. 
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Figure B.15: Caption of the triangle constructed using Sketchpad, with measurements and 
calculations, used for justification two of statement five. 
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Figure B.16: A proof presented verbally and partially written as justification three of statement 
five. 
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Figure B.17: Proof schemes/functions of proof summary sheet. 
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Figure B.18: A proof presented verbally and partially written as a justification for task two. 
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